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S U M M A R Y
Recent seismological observations suggest the existence of a ≈150-km-thick density-stratified
layer with a P-wave velocity gradient that differs slightly from PREM. Such a structure can
only be caused by a compositional gradient, effects of a slurry or temperature being too
small and probably the wrong sign. We propose a stably stratified, variable concentration
layer on the liquidus. Heat is transported by conduction down the liquidus while the light and
heavy components migrate through the layer by a process akin to zone refining, similar to
the one originally proposed by Braginsky. The layer remains static in a frame of reference
moving upwards with the expanding inner core boundary. We determine the gradient using
estimates of co, the concentration in the main body of the outer core, and cb, the concentration
of the liquid at the inner core boundary. We determine the depression of the melting point
and concentrations using ideal solution theory and seismologically determined density jumps
at the inner core boundary. We suppose that co determines �ρmod, the jump from normal
mode eigenfrequencies that have long resolution lengths straddling the entire layer, and that
cb determines �ρbod, the jump determined from body waves, which have fine resolution. A
simple calculation then yields the seismic, temperature, and concentration profiles within the
layer. Comparison with the distance to the C-cusp of PKP and normal mode eigenfrequencies
constrain the model. We explore a wide range of possible input parameters; many fail to predict
sensible seismic properties and heat fluxes. A model with �ρmod = 0.8 gm cc−1, �ρbod =
0.6 gm cc−1, and layer thickness 200 km is consistent with the seismic observations and can
power the geodynamo with a reasonable inner core heat flux of ≈2 TW and nominal inner
core age of ≈1 Ga. It is quite remarkable and encouraging that a model based on direct
seismic observations and simple chemistry can predict heat fluxes that are comparable with
those derived from recent core thermal history calculations. The model also provides plausible
explanations of the observed seismic layer and accounts for the discrepancy between estimates
of the inner core density jumps derived from body waves and normal modes.

Key words: Dynamo: theories and simulations; Composition of core; Acoustic properties.

1 B A C KG RO U N D

1.1 Seismological evidence for anomalous structure above
the inner core boundary

The F-layer was originally proposed by K. E. Bullen in 1940–1942
to explain a transition region at the bottom of the outer core, in-
troduced by H. Jeffreys in 1939, in which the P-wave velocity de-
creased with depth. A similar structure was proposed by Gutenberg
(1959). Bullen’s F-layer was 150 km thick with P-velocity decreas-
ing by about 10 per cent [Bullen & Bolt (1985) p. 317; Lay &
Wallace (1995) p. 305]. The evidence for Jeffrey’s transition zone
and the dramatic change in seismic velocity were removed when

seismic arrays made possible the measurement of slowness (arrival
direction): energy thought to be refracted in the F-layer around the
inner core was in fact being scattered from anomalous structure in
the D′ ′ region of the lowermost mantle (Doornbos & Husebye 1972;
Haddon & Cleary 1974).

The seismological evidence that forms the starting point of this
paper stems from much later work. Souriau & Poupinet (1991)
were forced to introduce a region of similar thickness around the
inner core to explain time delays of (PKP)BC and C-diff (waves
diffracted around the inner core boundary, ICB). They required
flattening of the V P curve with depth in the bottom 150 km of
the outer core, culminating in a departure of 0.1 km s−1 from the
PREM value of about 10 km s−1 at the ICB, a much less dramatic
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Figure 1. Cartoon of proposed density profiles for the lowermost outer core based on the assumption that changes in V P are due mainly to changes in density
rather than bulk modulus. (1) thick solid line, PREM, which assumes neutral stability; (2) a stratified region proposed by Souriau & Poupinet (1991) and others
on the basis of traveltimes and amplitudes of core phases and (3) profile inferred by Kaneshima et al. (1994) from differential times and amplitudes of core
phases sampling a limited region beneath central America.

structure than Jeffreys’ or Gutenberg’s. Song & Helmberger (1992)
studied amplitudes and waveforms of PKP and also required radially
inhomogeneous structure in a layer about 150 km thick above the
ICB, and it became a feature of their velocity model ‘PREM2’ (Song
& Helmberger 1995). It is also a feature of model AK135 (Kennett
et al. 1995). Kaneshima et al. (1994) also found a low gradient
in V P in the bottom 300 km of the outer core and a lower V P

in the top of the inner core compared to PREM, using differential
core phases sampling the region beneath North America. Zou et al.
(2008), using a very large data set, also find that the traveltimes of
PKPCdiff/PKPDF require a low velocity at the base of the outer core
but the amplitude ratios do not. They explain this by either ICB
topography or a low Q region that could arise from a slurry.

Density is generally more variable than the bulk modulus in
liquids at high pressure, and Souriau & Poupinet (1991) therefore
attributed their observations of low V P to high density. The PREM
density profile is constrained to follow a neutrally stable Adams–
Williamson gradient and therefore a steeper gradient implies density
stratification (Fig. 1).

Another type of seismic observation may point to anomalous
structure at the bottom of the outer core: a discrepancy between
the estimates of the density jump across the ICB. Masters &
Gubbins (2003) obtained �ρmod = 0.82 ± 0.18 gm cc−1 from nor-
mal modes, a somewhat higher value than PREM’s 0.6 gm cc−1. Cao
& Romanowicz (2004) obtained the even larger value of �ρ bod =
1.0 gm cc−1 from a rather limited number of PKiKP/PcP body wave
amplitudes while Koper & Pyle (2004) found the much smaller value
of 0.3 gm cc−1, later increased to �ρ bod = 0.52 ± 0.24 gm cc−1

(Koper & Dombrovskaya 2005) using a larger data set. Normal
modes have a long resolution length of several hundred kilometres,
so �ρmod represents the difference between average densities in the
bottom of the outer core and top of the inner core [allowing for

adiabatic changes in temperature and hydrostatic pressure, Masters
& Gubbins (2003)]; body waves have a much shorter resolution
length of a few kilometres, so �ρ bod represents the difference in
densities on the inner and outer core sides of the ICB itself. Any
discrepancy between �ρmod and �ρ bod could therefore be a real
difference caused by an anomalously steep density gradient in the
bottom few hundred kilometres of the outer core, as implied by the
anomalous V P gradient.

1.2 Proposed structures for the F-layer

Braginsky (1963) interpreted the F-region as a boundary layer at
the liquidus of an Fe–Si core. He supposed that, on freezing, the
outer core liquid formed a light solid rich in silicon that continuously
floated out of the layer and remelted, leaving the layer at the liquidus.
At the ICB itself a heavy fraction depleted in silicon accreted onto
the inner core. He supposed the F-layer to have variable composition
and be at the liquidus temperature throughout its depth.

Although Braginsky’s proposal that core convection is driven
by compositional buoyancy has assumed centre stage in the modern
theory of the geodynamo, his specific theory of the F-layer was aban-
doned when the seismic evidence disappeared. Subsequent theories
favoured freezing of a heavy solid component (Loper & Roberts
1978, 1980) in which a slurry forms on the outer core side of the
boundary or, if the cooling rate is fast enough, a mushy layer on the
inner core side. Current views favour constitutional supercooling at
the ICB, with consequent dendritic growth in a thin mushy layer a
kilometre or so thick at the top of the inner core (Loper & Roberts
1981; Roberts et al. 2003; Shimizu et al. 2005). Fearn & Loper
(1983) considered an ‘iron-poor’ core model consisting of a binary
Fe–S alloy with light element (S) concentration above that of the
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eutectic. They invoked a variable concentration layer (VCL), similar
to the one considered here in Section 3.5, and found that very little
heat could be transmitted through the layer. They conclude that an
iron-poor composition is incompatible with a core that was entirely
molten in earlier times.

Recent first-principles calculations (Alfè. & Gillan 1998; Alfè
et al. 1999b, 2000a, 2002) of Fe–Si, S and O compositions have
shown that almost all the S and Si remains with the Fe on freezing
whereas virtually none of the O does. This changes the focus of
study from the Fe–S system to a Fe-(S,Si)-O system, which may
behave differently.

1.3 Possible causes of the anomalous V P gradient

The recent seismic models force us to return to the challenge of ex-
plaining a stratified layer at the base of the core. A simple thermal
boundary layer, in which the temperature increases more rapidly
than the adiabat because extra heat must be transmitted by ther-
mal conduction, would have the opposite effect to that required by
Souriau & Poupinet (1991): the superadiabatic temperature gradi-
ent would cause a decrease in density with depth over the neutrally
stable profile and therefore an increase in V P over PREM rather
than a decrease. Furthermore, first principles calculations suggest
V P is a weak function of temperature at core pressures (see the
discussion and references in Gubbins et al. 2003).

If partial freezing of the liquid above the ICB were to create
a slurry the mix of solid particles and liquid could have the right
effect if the solid has higher V P than the liquid. Consider the case of
a pure iron slurry. The main difference in P-wave velocity between
solid and liquid phases comes from the addition of the shear modulus
in the formula

ρV 2
P = K + 4G

3
, (1)

where K , G are the bulk and shear moduli, respectively, but in
a slurry the shear modulus plays no role. To calculate V P for a
slurry we must therefore find the density and bulk modulus from
their values for the two pure phases. This problem is discussed
by Anderson (1989, pp. 121–122). The density is easily obtained
assuming ideal solution theory

1

ρ
= xs

ρs
+ xl

ρl
, (2)

where x s,l are the mass fractions of solid, liquid, respectively. The
bulk modulus can be averaged in two ways. ‘Reuss averaging’ as-
sumes uniform stress throughout the medium and is given by

1

Kr
= xs

Ks
+ xl

K l
= 1

Ks
+ xl (Ks − K l)

Ks K l
. (3)

‘Voigt averaging’ assumes the strain is uniform throughout the
medium and gives a simple volumetric average of the moduli

Kv = xs Ks + xl K l. (4)

The two moduli bound the actual value for the mixture. When
concentrations are small K r and K v are close.

Taking K s = 1.3434 × 1012 and K l = 1.3047 × 1012 for the
ICB (PREM) gives K r = 1.3238 × 1012 and K v = 1.3240 ×
1012 Pa for x s = x l = 0.5. Taking ρ s = 13.16 gm cc−1 and ρ l =
12.92 as representative for pure iron gives ρ = 13.04 gm cc−1.
The two estimates of V P are then 10.0756 km s−1 (Reuss) and
10.0764 km s−1 (Voigt), compared with 10.049 km s−1 for the ve-
locity in the liquid based on

√
K l/ρl (it is not correct to compare

with the PREM value of V P at the base of the liquid core because the
liquid core density is different from that of pure iron). This simple
averaging therefore predicts a decrease in velocity of 0.027 km s−1

or 0.3 per cent for a slurry containing 50 per cent solid particles.
The drop is 0.6 per cent for 100 per cent solid particles, compared
to the inferred 1 per cent drop of Souriau & Poupinet (1991).

We can now show that a slurry with a high proportion of solid
particles cannot occur. The slurry forms in the thermal boundary
layer if the temperature falls below the melting temperature. The
temperature gradient in the main body of the fluid is adiabatic;
the temperature gradient in the boundary layer is determined by
the heat transport out of the inner core. The numerical values are
typically 9.0 K GPa−1 or 0.48 K km−1 for the melting gradient and
6.0 K GPa−1 or 0.32 K km−1 for the adiabatic gradient (Alfè et al.
1999a, 2000a). Freezing will occur somewhere in the layer if the
conduction gradient in the boundary layer exceeds the adiabat by
the difference 0.16 K km−1, or 50 per cent, which is likely because
considerable heat is convected in the main body of the outer core.

If a slurry does form it will remain very close to the melting
point. Heat is transported through the slurry layer partly by the
extra thermal conduction down the melting gradient and partly by
freezing of solid iron particles that form and sink, under their excess
weight, towards the ICB proper. The heat transfer is between specific
and latent heat.

Consider two adjacent levels and suppose the migration of solid
particles is rapid enough for the layer to be adiabatic (ds = 0). The
temperature difference between the levels is dT and the difference in
fraction of liquid d f . Conservation of energy between these levels
gives

CP dT = Ld f + PdV . (5)

Dividing both sides by the difference in radius dr , setting V = 1/ρ,
and taking the change in density from ideal solution theory to be
d f (ρ s − ρ l) for small ρ s − ρ l gives

d f

dr
= CP

L + P(ρs − ρl)/ρ2

dT

dr
, (6)

which is the same expression obtained by Malkus (1973). (Note that
dT /dr in this expression is the difference between the actual temper-
ature gradient and the adiabat. The precise form of the temperature
gradient arises naturally in Malkus’ more complete derivation given
in Appendix A.)

Putting in numerical values (see Table 1) gives

P�

ρ2
= 0.482 × 106; L + P�

ρ2
= 1.23 × 106, (7)

where � is the density change on melting, and

d f

dr
= 580 × 10−6(T ′

a − T ′
m) = 9 × 10−5 km−1. (8)

A layer 150 km thick, as required by Souriau & Poupinet (1991),
gives a total change in liquid fraction of 1.2 per cent, or just
1.2 per cent of solid in the slurry at the ICB itself. This is nowhere
near enough to account for the observed change in acoustic wave
speed. This calculation shows that sufficient heat can be transferred
through a 150-km-thick, single-component, iron slurry layer with
minimal freezing of the liquid. It also shows that any slurry that
does form will contain a very small fraction of solid.

In the more realistic case of a two-component outer core where the
solid phase is heavier than the liquid we might expect a larger effect
for the same melt fraction because of the greater density contrast
between solid and liquid phases. However, the denser solid would
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Table 1. Parameters used for the calculations. These apply to an Fe-(S,Si)
inner core composition and Fe-(S,Si)-O outer core composition (Alfè et al.
2000b; Gubbins et al. 2004).

Gas constant R 8.314 J(gm mole per cent)−1 K−1

IC density ρ i 12.8 × 103 kg m−3

δρ on melting � 0.24 × 103 kg m−3

Pressure P 329 GPa
Pressure gradient −ρ g −5.509 × 104 Pa m−1

Specific heat C P 715 J kg−1 K−1

Latent heat L 0.75 × 106 J kg−1

Latent heat of
light component L o 0.75 × 106 J kg−1

Thermal conductivity k 60 W m−1 K−1

Thermal diffusivity κ 6.5 × 10−6 m2 s−1

Thermal expansion α 1.95 × 10−5 K−1

Temperature of ICB T i 5500 K
Adiabatic gradient T ′

a −0.32 K km−1

Melting gradient
(pressure) T ′

m −0.48 K km−1

Melting gradient
(composition) T ′

c 6000 K
Latent heat flux factor ε 0.17
Atomic weights Fe, IC, OC, O 56, 54, 51, 16

sink faster, thereby reducing the fraction of solid required to transmit
the same amount of heat. We therefore, conclude a slurry layer of
uniform composition cannot explain the seismic observations.

Since neither temperature nor a phase change can explain the
observed V P gradient we are forced to invoke a compositional
gradient, which can easily account for the small change in V P

required in the lowermost hundred kilometres or so of the outer
core. In Section 2 we develop a model for such a layer based on an
Fe/S/Si–O core using ideal solution theory. The chemical details of
the model are unimportant provided ideal solution theory holds and
the variation in V P with composition is dominated by the variation
in density rather than bulk modulus. Given observed ICB density
jumps and a layer thickness, the model predicts the concentration
gradient, density gradient, and compressional velocity in the layer,
as well as the cooling rate and heat flux out of the inner core. In
Section 3 these results are calculated for a range of possible density
jumps and layer thicknesses. In Section 4 the results are compared
with the observations and other estimates of heat flux from the inner
core and we select parameters for models that fit all the observational
constraints satisfactorily. In Section 5 we summarize the results and
discuss other possible implications of such a layer.

2 A M O D E L F O R T H E B O U N DA RY
L AY E R AT T H E B A S E O F T H E
O U T E R C O R E

2.1 Qualitative description

Consider the boundary layer for thermochemical convection in the
outer core. In an ordinary thermal boundary layer the temperature
gradient is steeper than the adiabat and heat that is convected out-
wards in the main body of the fluid is instead conducted outwards
down the steepened temperature gradient. Since the ICB is at the
melting temperature this boundary layer gradient may easily pro-
duce a contradiction: temperatures below the liquidus in the liquid.
To overcome this problem we propose a variable composition layer
(VCL) at the base of the outer core in which heavy material has

concentrated towards the bottom, giving the density stratification
required by the seismology. The layer is everywhere on the liquidus;
the liquidus gradient, and therefore the heat conducted through the
layer, is determined by the concentration and pressure gradients.
The composition of light material at the top of the layer is the same
as that of the well-mixed outer core, co; the composition at the bot-
tom, cb, may, in the simplest case, be the same as the composition of
the inner core c = 0; in a more realistic Earth model with a complex
mix of elements in the outer core we could have cb > 0, and we
therefore allow for this in the model (Fig. 2). This ansatz is all that
is required for the calculations that follow; just how such a layer can
be maintained is discussed in Section 4.

The rate of change of melting temperature with concentration is
determined from ideal solution theory. In a simple binary eutectic
mixture its sign depends on whether co > or < cE, the eutectic
composition. We assume first that increased concentration of light
material depresses the melting point, the case co < cE for the simple
binary mixture. This case is the most likely for the Fe-(S,Si)-O mix
that provides the numerical values for our calculation (G. D. Price,
personal communication, 2006). It allows for steepening of the
liquidus and transmission of large amounts of heat away from the
ICB. In Section 3.5 we consider the case when increasing light
component raises the melting point, or co > cE in the simple binary
mixture, as originally considered by Braginsky (1963). Here the
liquidus gradient is reduced, restricting the heat that can escape
from the inner core, as found by Fearn & Loper (1983). We revisit
their calculations with the new data for the Fe-(S,Si)-O system.

The concentration gradient is of order cd/d , where cd = (co −
cb) and d is the thickness of the layer. We can determine the concen-
tration gradient from seismic observations and ideal solution theory:
d from the thickness of the anomalous V P layer and cd from the
difference between normal mode and body wave determinations of
the ICB density jump. It therefore becomes possible, in principle,
to obtain an independent estimate of the heat flux across the ICB.

This scenario is oversimplified for two reasons. First, the temper-
ature is time-dependent because the inner core is slowly growing
and the boundary is advancing outwards. Secondly, the process of
freezing and remelting involves additional transmission of heat.
Both effects make the temperature profile exponential, which can
change the seismic properties measureably despite being a small
departure from a straight line. We therefore include both effects in
the analysis.

We need a model of core composition. As will be shown later,
the details of the calculation are insensitive to the exact nature of
the composition. We adopt the Fe-(S,Si)-O compositional model
of Alfè et al. (2002) in which a Fe-(S,Si) mix freezes to form
the inner core and oxygen (presumably as FeO) remains in the
liquid on freezing. The light element providing buoyancy for core
convection is therefore oxygen with atomic number 16. The main
body of the outer core away from boundary layers is well mixed
and the concentration of oxygen is estimated from �ρmod − �,
the density difference between the inner and outer cores minus the
density change on freezing. PREM values suggest an inner core
composition of approximately 8 mole per cent S or Si and an outer
core composition with an additional 8 mole per cent O. Molar
concentrations (c) are converted to mass concentrations (x) with the
ratio of atomic weights, for example x O = AO co/Acore where Acore

is estimated from 84 per cent Fe (atomic weight 56), 8 per cent S or
Si (atomic weight 30 or 32) and 8 per cent O (atomic weight 16).

We determine cb from the density jump �ρ bod using ideal solu-
tion theory in exactly the same way as we determine co from �ρmod.
Ideal solution theory is also used to determine density as a function

C© 2008 The Authors, GJI, 174, 1007–1018

Journal compilation C© 2008 RAS



Outer core thermochemical boundary layer 1011

b

i+d

c0

ri

0

r

c

layer

outer core

inner core

c

r

Figure 2. Concentration of light constituent in the outer core. The composition in the boundary layer decreases exponentially with depth from its outer core
value co until it reaches the basal composition cb at the bottom. In the simplest case cb = 0 and the entire liquid solidifies to form the inner core. In a more
complex case with many constituents present only a heavy fraction may freeze, or in the iron-poor case of co > cE then cb = cE, so we allow for cb > 0.

of composition in the layer by the formula

1

ρ
= x

ρL
+ 1 − x

ρH
, (9)

where ρ L , ρ H are the densities of the light and heavy components.
ρ H is the density of the inner core minus the change on melting. ρ L

is estimated from eq. (9) with x 0 and the PREM density at the top of
the layer corrected back to the ICB assuming a hydrostatic pressure
gradient and adiabatic temperature gradient. This rather compli-
cated procedure ensures a continuous density profile in the outer
core. It is essential to preserve a smooth profile because even the
smallest discontinuity in seismic properties would lead to spurious
behaviour in the predicted core phases. The adiabatic-hydrostatic
approximation leads to small but unimportant differences between
the input �ρ bod and that predicted from (9).

It is now clear why the calculations that follow are insensitive to
the precise nature of the elements in the core. Ideal solution theory
means that only atomic numbers enter the calculation, and concen-
trations are determined from ideal solution theory and seismically
determined densities. A change in chemical elements would entail
changes in atomic number but this would not lead to any changes in
predicted densities within the layer. Validity of ideal solution theory
in the liquid is, however, crucial to the validity of the results.

The rest of this section describes the quantitative solution for the
layer: its composition, temperature, density and seismic velocity.

2.2 The reference state

The complication of time dependence is greatly reduced by chang-
ing to a reference frame moving with the ICB (Braginsky & Roberts
1995). In this frame of reference all variables are independent of
time provided we ignore small secular effects associated with local

changes in pressure. Let

z = r − ri − vt, (10)

where r i is the inner core radius at the present time t = 0 and v is
the upward velocity of the ICB resulting from inner core growth.
The layer lies between z = 0 and d.

In this frame of reference fluid at concentration cb is steadily
removed at the bottom, z = 0, to be replaced by fluid at outer core
concentration co at the top, z = d . This cold flow advects heat
upwards at a rate that depends on the ambient temperature. The
heat flux at any radius is the sum of the conducted and advected
heat and is independent of z and t; since the advected heat changes
with height the conducted heat must also change with height. This
gives an exponential form for the temperature gradient. The rate of
growth of the inner core is determined by the rate of freezing at the
bottom of the layer, which in turn depends on the heat removed.
Since the heat flux is determined by the solution for the temperature
gradient in the layer, v must be determined by equating the heat flux
conducted away from the ICB to the latent heat released at the ICB
plus a small amount of specific heat of secular cooling of the inner
core.

2.3 Thermodynamic equilibrium

The entropy equation for a two-component system is

ρT
Ds

Dt
= −∇ · (q − μi), (11)

where q is the heat flux, i the mass flux of light material, μ the
chemical potential, and s the specific entropy. Diffusion is governed
by the modified Fourier law of heat conduction

q − μi = −k∇T + βT

αD
i, (12)
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where β is the thermodiffusion coefficient and α D the self-diffusion
coefficient (Landau & Lifshitz 1959). Thermodiffusion effects are
thought to be negligible and for simplicity we ignore effects of heat
of reaction during the dissociation process in the layer, which is
unlikely to exceed the uncertainty in the latent heat. We set β =
μ = 0 henceforth. We also neglect effects of spherical geometry in
the thin layer.

Entropy changes are caused by changes in specific heat and
changes in composition that are caused by freezing,

T ds = CP dT ± Lodc, (13)

where C P is the specific heat of the liquid and L o the latent heat
of the freezing component: upper signs apply to a heavy solid,
lower signs to a light solid. The latent heat appears here because
the material remains on the liquidus, changes in composition are
assumed to be caused exclusively by freezing, and that no signficant
amount of solid persists in the layer. Substituting (13) into (11),
setting ∂/∂t = 0 and dividing by ρC P gives

−v
dT

dz
∓ v

Lo

CP

dc

dz
= κ

d2T

dz2
, (14)

where κ = k/ρC P is the thermal diffusivity.

2.4 Equation for the liquidus

The liquidus temperature T l is a function of c and P:

dTl

dz
=

(
∂Tl

∂c

)
P

dc

dz
+

(
∂Tl

∂ P

)
c

dP

dz
. (15)

The pressure is hydrostatic,

dP

dz
= −ρg, (16)

giving the melting gradient

T ′
m =

(
∂Tl

∂z

)
c

= −ρg

(
∂Tl

∂ P

)
c

. (17)

The depression of the melting point is, from ideal solution theory,

T ′
c =

(
∂Tl

∂c

)
P

= ∓ RT 2

L
(18)

(Slater 1939), where L is the latent heat of outer core liquid. Sub-
stituting (17) and (18) into (15) gives

T ′
l = dTl

dz
= T ′

m + T ′
c

dc

dz
. (19)

2.5 Differential equation governing c

We eliminate temperature from the heat eq. (14) using (19). Assum-
ing T ′

m and T ′
c are independent of z gives

−v

[
T ′

m + T ′
c

dc

dz
± Lo

CP

dc

dz

]
= T ′

c κ
d2c

dz2
. (20)

We now simplify by defining some convenient new variables:

B = T ′
m

T ′
c

, (21)

ε = ± Lo

CP T ′
c

, (22)

A = v (1 + ε)

κ
, (23)

to leave

d2c

dz2
+ A

dc

dz
= −vB

κ
. (24)

This equation must be solved subject to the boundary conditions
at the bottom and top of the layer: c(0) = cb and c(d) = co =
cb + cd .

2.6 Solution for c

Eq. (24) is solved by multiplying by the integrating factor eAz and
integrating to give

eAz dc

dz
= −vB

κA
eAz + C, (25)

where C is a constant of integration. Dividing by eAz and integrating
again gives

c(z) = −vB

κA
z − C

A
e−Az + D, (26)

where D is another constant of integration. The lower boundary
condition gives D − C/A = cb, leaving

c(z) = −vB

κA
z + C

A

(
1 − e−Az

) + cb. (27)

The upper boundary condition gives

C =
(

Acd + vBd

κ

)
1

(1 − e−Ad )
(28)

and the solution for c(z) becomes

c(z) = − B

(1 + ε)
z +

(
cd + Bd

1 + ε

)
1 − e−Az

1 − e−Ad
+ cb. (29)

2.7 Solutions for the layer temperature gradient T′
l, inner

core heat flux Qi, and rate of growth v

The temperature gradient is obtained by differentiating (29) and
substituting into (19):

T ′
l = T ′

m + T ′
c

{
− B

1 + ε
+ [cd + Bd/ (1 + ε)]

1 − e−Ad
Ae−Az

}
. (30)

From (21) T ′
m = T ′

c B, and combining the first two terms on the
right-hand side of (30) gives

T ′
l = εT ′

m

1 + ε
+ T ′

c [cd + Bd/ (1 + ε)]

1 − e−Ad
Ae−Az . (31)

Eq. (31) is not a complete solution because we have yet to find v,
the rate of advance of the ICB, contained in the variable A. This is
determined by equating the heat flux through the layer to the rate
of release of latent heat. The heat flux through the ICB is given by
−kdT l/dz at z = 0. It is equated to the sum of the rate of latent
heat released at the ICB, vρL , and the specific heat lost by cooling
the inner core. The latter is a small contribution but easy to include
and we do so as follows. The rate of drop of temperature at the ICB
is vT ′

m. Assuming the same fall holds throughout the inner core the
rate of loss of heat is CPM iT ′

mv, where M i is the mass of the inner
core. Taking the inner core density to be uniform at ρ i gives a heat
flux of C Pρ i T ′

mvr i/3. This has the same dependence on v as the
latent heat release, and can be incorporated into the equation simply
by modifying the latent heat to

Lc = L − CP T ′
mri/3. (32)

C© 2008 The Authors, GJI, 174, 1007–1018

Journal compilation C© 2008 RAS



Outer core thermochemical boundary layer 1013

It amounts to about a 20 per cent increase in the latent heat. The
equation to be solved for v is then

vρLc = −kT ′
l (0). (33)

Substituting from (31) for T ′
l(0) gives a non-linear algebraic equa-

tion for v. The solution is simple in the special case L o = 0, when
complications arising from the latent heat are neglected. It gives a
reasonable first approximation because L o and therefore ε are small;
it also points the way to an efficient solution of the full problem.
Setting L o = 0 (and consequently ε = 0) in (31) gives

T ′
l (0) = T ′

c (cd + Bd)

1 − e−Ad

v

κ
. (34)

Rewriting (33) as vLc/κ = −CPT ′
l(0), substituting for T ′

l(0) from
(34), cancelling the factor v/κ , and rearranging, gives

1 − e−Ad = −CP

Lc
T ′

c (cd + Bd). (35)

The right-hand side is independent of v, so rearranging again gives
the solution for v explicitly:

v = −κ

d
ln

[
1 + CP

Lc
T ′

c (cd + Bd)

]
. (36)

To solve the general problem with L o �= 0 we derive the similar
formula

v = − κ

(1 + ε) d

ln

{
1 + CP T ′

c [cd (1 + ε) + Bd]

Lc
+ ε

CpT ′
m

Lc A

(
1 − e−Ad

)}
.

(37)

The right-hand side now depends on v, so this is not an explicit
solution for v. However, if L o and therefore ε are small we can
iterate from an initial guess starting from v given by (36) followed
by repeated application of (37) with each new determination of v

put back into the right-hand side. This procedure converges within
three or four iterations.

The heat flux across the inner core boundary is found simply
from Fourier’s law

Qi = 4π 2r 2
i kT ′

l . (38)

It is convenient to express the heat lost from the inner core in terms of
a nominal inner core age obtained by dividing it into the latent heat
of inner core formation. Obviously such a simplistic assumption
of a constant rate of heat loss throughout Earth’s history is open
to question, but the derived age does serve to indicate whether the
inner core is primordial or a recent feature. Using numerical values
in Gubbins et al. (2004) makes an inner core age of 1 Ga equivalent
to a heat loss rate of 2.32 TW; the two are in inverse proportion.
Knowing v means we also know everything else required for the
thermal evolution of the entire core, including the heat flux across
the CMB and rate of cooling of the base of the mantle. The rate of
drop of temperature at the ICB may be propagated up the adiabat
because (T −1DT/Dt) is independent of radius. The full thermal
evolution may then be calculated using the method given in Gubbins
et al. (2004). The relevant diagnostics, apart from Q i, are the heat
flux from the CMB, Q c and the total entropy gain, E tot, which
determines the viability of the dynamo.

2.8 Solving for the density and acoustic velocity

The variation in liquid density caused by temperature within the
layer is, from ideal solution theory,

δρT = −ρHα[T ′
mz + T ′

c (c − cb)]. (39)

The variation in density caused by hydrostatic pressure within the
layer is

δρP = −ρ2
Hgz

K
, (40)

where g and K are chosen to be the PREM values at z = 0, consistent
with the rest of the approximation.

The density is then given by

ρ(z) = 1

{x(z)/ρL + [1 − x(z)] /ρH} + δρT (z) + δρH(z), (41)

where ρL is determined using eq. (41) at z = d by forcing ρ(d) to
equal the PREM value at height d above the ICB. Finally, V P is
determined from ρ assuming K is the same as PREM throughout:

V 2
P = K

ρ
. (42)

This procedure ensures no discontinuity in V P at the top of the
layer.

We construct a complete seismic model for the Earth from PREM
by replacing ρ and V P with the derived values within the layer
and changing ρ within the inner core to give the required density
jump and an Adams–Williamson profile. We then calculate PKP
traveltimes and, in particular, the distance of the C-cusp �PKP. We
also compute the misfit to the eigenfrequencies of the 15 radial
normal modes 0S0–14S0.

3 R E S U LT S

We are now in a position to perform a series of calculations de-
signed to explore the effects of varying the density jumps and layer
thickness. Each model will be evaluated in terms of its thermal
and seismic properties. Models with too high a heat flux issuing
from the inner core, a misplaced onset of the inner core shadow, or
an unsatisfactory fit to the normal mode eigenfrequencies, will be
rejected.

The thermal calculations are sensitive to the major density jumps
but not the density itself, while the seismic properties are very sen-
sitive to gradients in P-wave speed and therefore, because of our
assumption of independence of V P on K, gradients or discontinu-
ities in density. For example, a low velocity zone (in the sense of
V P/r decreasing with depth) would trap waves and produce Stonely
modes that would surely have been observed. The layer densities
are therefore designed to avoid any discontinuities apart from those
at the ICB itself. Normal mode frequencies are relatively insensitive
to the density of the inner core compared to that of the outer core, so
we maintain a constant outer core density and calculate the density
at the top of the inner core by adding �ρ bod.

Each model is therefore specified by three parameters: co, cb

and d. The first two are derived from the ‘observed’ density jumps
�ρmod and �ρ bod, respectively. Other parameters are kept fixed as
listed in Table 1. Each model predicts four diagnostics that may
be compared against independent estimates: the heat flux from the
inner core (or an equivalent nominal inner core age), the heat flux
from the outer core and entropy provision for the geodynamo, the
distance of the PKP C-cusp, and the fit to relevant normal mode
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eigenfrequencies. For reference, PREM gives �PKP = 152.77◦ and
AK135 gives �PKP = 155.64◦. We aim for a distance close to that of
AK135, which fits the PKP traveltimes well, but will bear in mind
the very considerable uncertainties inherent in the approximations
we have made.

The heavy solid case, co < cE, is considered first; a light solid is
considered in Section 3.5.

3.1 Model 1: A simple PREM-based structure

The first calculation is taken for PREM density jumps, an ICB
temperature of 5500 K, and an assumed Fe/S/Si inner core with
8 mole per cent S/Si, an outer core composition with an additional
8 mole per cent O (Alfè & Gillan 1998; Alfè et al. 1999b), and
cb = 0, which implies the concentration at the bottom of the liquid
outer core is the same as the solid inner core and corresponds to
�ρ bod = 0.24 gm cc−1. We take the layer thickness to be d = 150
km and assume the concentration of O decreases from co = 8 mole
per cent at the top of the layer to zero at the bottom. The density of
heavy component ρH is taken to be that of inner core composition in
the liquid phase, ρH = 12.53 gm cc−1, the PREM value for the top of
the solid inner core minus � = 0.24 gm cc−1 for the density drop on
melting. This model has been used in recent thermal history studies
(Gubbins et al. 2004; Nimmo et al. 2004) and therefore provides
useful comparisons.

Results are shown in Table 2. The heat flux from the inner core is
5.18 TW, corresponding to an inner core age of 450 Myr. The total
heat loss from the core is 11.8 TW, or 27 per cent of the estimated
Earth’s surface heat flux of 44 TW. This is quite remarkably in line
with most of the recent thermal history models (e.g. Labrosse et al.
2001). The temperature drop across the layer is 550 K, 10 times
the adiabatic fall. The concentration gradient is slightly curved,
as are the temperature and density profiles (Fig. 3). The acoustic
velocity actually decreases with depth in the layer but there is no low
velocity zone as V P/r increases with depth (Table 2). It provides
a satisfactory fit to the normal mode eigenfrequencies but predicts
�PKP = 159.9◦, which is almost certainly too large to fit PKP
traveltimes.

3.2 Model 2: Density jumps �ρmod = 0.8 gm cc−1

and �ρbod = 0.5 gm cc−1

These density jumps are from the recent literature. Masters &
Gubbins (2003) found a slightly higher density jump than PREM,
�ρmod = 0.80 gm cc−1 and Koper & Dombrovskaya (2005) ob-
tained �ρ bod = 0.5 gm cc−1. The density jumps correspond to
co = 13 mole per cent and cb = 5 mole per cent, respectively.
The results are given in Table 3. The heat flux and temperature drop

Table 2. Model 1 results with a 150-km-thick layer at the base of the
outer core, and density jumps �ρbod = 0.24 and �ρmod = 0.6 gm cc−1,
corresponding to oxygen concentrations cb = 0 per cent and co = 8 per
cent, respectively.

z c T ρ V P K V P/r
(km) (mole per cent) (K) (kg m−3) (km s−1) (TPa) (s−1)

0 0.00000 5500 12 530 10.204 1.30473 8.35393
30 0.01961 5368 12 421 10.225 1.29867 8.17023
60 0.03725 5248 12 324 10.241 1.29257 7.99163
90 0.05309 5138 12 236 10.253 1.28641 7.81809

120 0.06730 5039 12 157 10.262 1.28020 7.64955
150 0.08000 4948 12 085 10.267 1.27394 7.48593

across the layer are the same as the first model because the concen-
tration change across the layer, cd , is similar and heat flux depends
principally on the concentration gradient. The density and seis-
mic velocities are different because of the different concentrations.
Again, the fit to the normal mode eigenfrequencies is satisfactory.
The distance to the C-cusp is �PKP = 158.4◦, again probably too
large.

3.3 Effect of the layer thickness

Table 4 shows the result of varying the layer thickness between
50 and 300 km while retaining the other parameters of Model 1.
Increasing the layer thickness decreases the heat flux and slightly
increases the temperature drop. The inner core age is approximately
proportional to the layer thickness. The smaller values of d give im-
plausibly high values of the heat flux; the larger values are plausible.
�PKP decreases with increasing layer thickness, a direct result of
weakening the velocity gradient in the layer. The fit to normal mode
eigenfrequencies is relatively unaffected.

3.4 Effect of changing the composition and total ICB
density jump

We explored the effect of changing the total density jump across the
layer by setting cb = 0 and choosing a range of values for the density
jump from 0.4 to 1.2 gm cc−1. Most of the model output depends on
cd rather than cb, so the results are representative of other values of
cb. Although the calculations for the layer depend only on the jump
and are insensitive to the actual densities, subsequent calculations
for the seismic parameters depend on the densities themselves. We
therefore kept the density of the outer core to be the same in all cases
and increased the density of the inner core to produce the desired
jump. In terms of composition in the Fe/S/Si–O model we are using,
this means decreasing the concentration of S/Si in both the inner
and outer cores and increasing the concentration of O in the outer
core to recover the desired density. Results for two layer thicknesses
(d = 150 and 300 km) are shown in Table 5. Obviously, the larger
density jumps produce more heat, very rapid rates of cooling, very
young inner core ages, large temperature drops across the layer,
and large PKP C-cusp distances. The same comments apply to the
thinner layer: its effects are controlled by the concentration gradient
in the layer, which steepens with increasing density difference and
decreasing layer thickness. The normal mode fit is dramatically
impaired for larger density jumps but is relatively unaffected by the
layer thickness. The mode frequencies probably reflect inner core
density more than layer seismic velocity.

3.5 Iron-poor compositions

Finally we consider the case studied by Fearn & Loper (1983),
in which the core is on the iron-poor side of a eutectic mix-
ture, co < cE, and the compositional gradient is maintained by
a light solid forming, rising and remelting. The calculation dif-
fers from the foregoing by two signs: the liquidus temperature
now increases with increasing concentration c, changing the sign
of T ′

c throughout, and the freezing/melting process transfers la-
tent heat downwards rather than upwards, changing the sign of
L o.

Elevation of the melting point reduces the temperature gradient,
and therefore the heat conducted through the layer, below that pos-
sible in a homogeneous liquid. It can still be steeper than the adiabat
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Figure 3. Concentration (dashed line) and temperature (solid line) across the layer for Model 1. The forms are exponential because of the advance of the lower
boundary and transport of latent heat of freezing.

Table 3. Model 2 results with a 150-km-thick layer and density jumps
�ρbod = 0.5 gm cc−1 and �ρmod = 0.8 gm cc−1 corresponding to oxygen
concentrations cb = 5 per cent and co = 13 per cent.

z c T ρ V P K V P/r
(km) (mole per cent) (K) (kg m−3) (km s−1) (TPa) (s−1)

0 0.05000 5500 12 461 10.232 1.30473 8.37698
30 0.06961 5368 12 370 10.246 1.29867 8.18708
60 0.08725 5248 12 288 10.256 1.29257 8.00318
90 0.10309 5138 12 214 10.263 1.28641 7.82514

120 0.11730 5039 12 146 10.266 1.28020 7.65278
150 0.13000 4948 12 085 10.267 1.27394 7.48593

Table 4. Effect of changing the layer thickness in Model 1. Q i,c are heat
fluxes through the ICB and CMB, respectively. �T is the temperature drop
across the layer. �PKP is the distance to the C-cusp of the PKP phase.

d (km) Q i (TW) Qc (TW) � T (K) �◦
PKP

50 13.80 31.39 503 167.3
100 7.33 16.68 527 161.8
150 5.18 11.80 551 159.9
200 4.11 9.38 575 158.8
250 3.48 7.94 599 158.2
300 3.06 7.00 623 157.7

and the layer can therefore carry the heat that is convected through
the main body of the liquid. If core convection is driven primarily
by chemical convection and is thermally stratified the temperature
gradient in the boundary layer will be subadiabatic. The concen-
tration gradient reaches a critical stage when it is so steep that the
boundary layer becomes isothermal; beyond that heat is conducted
downwards and the inner core melts, contrary to the initial assump-
tions. At the critical point the liquidus gradient goes to zero; setting
dT l/dz = 0 in eq. (15) gives the maximum concentration gradient

dc

dz

∣∣∣∣
max

= T ′
m

T ′
c

. (43)

For a boundary layer 150 km thick the compositional difference
amounts to 4.2 per cent O, small but an order of magnitude larger

Table 5. Effect of changing the total density jump by setting cb = 0 and
changing co in the outer core for two values of the layer thickness. Other
parameters as for the Model 1 in Tables 2 and 4.

co ρH Q i (TW) Qc (TW) �T (K) �◦
PKP

d = 150 km
4 12.33 2.63 5.76 312 155.7
8 12.53 5.18 11.80 551 159.9
13 12.70 9.47 22.46 850 165.3
17 12.93 14.69 36.11 1090 173.2

d = 300 km
4 12.33 1.68 3.69 384 154.9
8 12.53 3.06 7.00 623 157.7
13 12.70 5.46 12.98 922 161.3
17 12.93 8.57 21.12 1162 166.2

than we obtain using the Fe–S data of Fearn & Loper (1983). It is
therefore worth doing the detailed calculations to compare possible
seismic structures with implied heat fluxes.

Changing signs as required, the critical point appears in the so-
lution of our calculation when v, the rate of advance of the inner
core boundary, changes sign. This occurs at concentration gradi-
ents below the maximum; they are almost independent of layer
thickness and correspond to a concentration change co = 1.2 per
cent (with cb = 0) for a layer 150 km thick (and, for example,
twice that for a 300-km-thick layer). This concentration change is
too weak to satisfy the dual constraints of a reasonable heat flux
and substantial increase in �PKP. For example, taking d = 300 km
and co = 1.0 per cent leaves a heat flux of 0.33 TW and �PKP =
153.0◦ (compare PREM 152.7◦ and AK135 �PKP = 155.6◦); taking
d = 300 km and co = 2.0 per cent leaves a heat flux of only 0.09
TW and �PKP = 153.5◦. The change in �PKP is negligible in the
first case while the heat flux is too small to power the dynamo in the
second; the entropy change E tot = 11 MW K−1. Making the layer
thickness smaller leads to even smaller values of the heat flux and
seismic parameters. It might be possible to obtain some acceptable
results by changing other parameters in the model, such as the tem-
peratures, their gradients, latent heat etc., but we have not done this.
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For now we regard this an unlikely scenario, but do not rule it out
with the same degree of certainty that Fearn & Loper (1983) did.

4 D I S C U S S I O N

The purpose of the calculations so far has been to discover how
the diagnostics, or predictions of the model, depend on the input
parameters. We have discovered that

(i) Heat fluxes increase roughly in proportion to the composi-
tional jump across the layer (cd )

(ii) Heat fluxes also increase with decreasing layer thickness,
simply because this increases the compositional gradient within the
layer for fixed cd

(iii) The distance to the PKP C-cusp, �PKP, increases with in-
creasing cd and decreasing d, like the heat flux

(iv) Normal mode eigenfrequencies are relatively insensitive to
V P in a thin outer core layer and are more sensitive to the density
of the inner core, given the way we have constructed the model.

Consider the constraints from thermal history models of the
Earth’s core. The heat flux from the core must not be so large as to
imply excessive mantle cooling or a very young inner core, but it
must be high enough to drive the geodynamo. The entropy available
to drive the dynamo comes disproportionately from gravitational
energy released by fractionation of the outer core liquid on freez-
ing, regardless of whether it comes from light solids forming in the
layer or heavy solids forming in a mushy zone at the top of the inner
core. Both require a large co. The energy crisis in the core, which
is usually taken to mean an uncomfortably large heat loss from the
outer core, may also be alleviated by including radiogenic elements
in the outer core (usually as 40K, e.g. Nimmo et al. 2004). In this
paper we estimate the heat flux from the inner core directly, so the
addition of radiogenic heating in the outer core simply increases
the outer core heat flux without extending the age of the inner core,
making the problem of excessive outer core heat flux worse.

We can therefore choose plausible parameters to fit all our con-
straints in an ‘ideal’ model: a large �ρmod to drive the dynamo
combined with large �ρ bod and thick layer d to keep the concentra-
tion gradient down. The parameters are shown in Table 6; co = 13
mole per cent corresponds to the density jump �ρmod = 0.8 gm cc−1

(Masters & Gubbins 2003), cb = 9 mole per cent corresponds to the
density jump �ρ bod = 0.6 gm cc−1 [in the range allowed by Koper
& Dombrovskaya (2005)], and d = 200 km, somewhat thicker than
that found by Souriau & Poupinet (1991). This model fits all the
criteria: an inner core heat flux corresponding to a nominal inner
core age of about 1 Ga, in agreement with recent estimates, an outer
core heat flux that is 12 per cent of the Earth’s surface heat flux,
and distance to the PKP C-cusp above that of PREM and slightly

Table 6. A preferred model that fits the seismic constraints of density and
distance to PKP-C cusp with reasonable heat and entropy fluxes.

�ρmod ICB density jump from modes 0.8 gm cc−1

�ρbod ICB density jump from body waves 0.6 gm cc−1

co Outer core concentration of light elements 13 mole per cent
cb Light element concentration at ICB 9 mole per cent
d Thickness of stratified layer 200 km
H IC Heat flux from inner core 2.15 TW
IC AGE Nominal age of inner core 1.1 Ga
H OC Heat flux from outer core 5.04 TW
dT ′ (dT ′

a) Temperature drop across layer 336 (64) K
(adiabatic drop)

�PKP Distance to PKP-C cusp 154.9◦

below that of model AK135. Of course, other models fit the exist-
ing constraints, but by no means all the models one might pick are
acceptable—indeed, most of the models in Tables 2–5 fail one or
more of the constraints.

While the theory contains two assumptions that are largely
untested by direct experiments at core pressures, ideal mixing and
invariance of bulk modulus with composition, all the model pa-
rameters are based on direct seismological observation of density
discontinuities and seismic velocity. The greatest uncertainty in the
observations lies with the two density jumps. The estimate of �ρmod

has standard deviation ±0.18 gm cc−1 (Masters & Gubbins 2003),
giving a range for the total density jump between inner and outer
core (excluding 0.24 gm cc−1 for freezing) of 0.4–1.0 gm cc−1 for
two standard deviations. Model predictions for both heat flux and
seismic parameters are too extreme if the density jump across the
layer exceeds about 0.5 gm cc−1. A small density jump �ρmod of
0.4 gm cc−1 would produce the desired effect on the V P profile as
well as returning a modest heat flux with a substantial inner core
age, but only provided �ρ bod were also small, say at about the
freezing value of 0.24 gm cc−1 or the first estimate of Koper & Pyle
(2004). If we accept the large value �ρ bod ≈ 1 gm cc−1 of Cao &
Romanowicz (2004) and the consistent +1 standard deviation mode
estimate �ρmod ≈ 1 gm cc−1 then there is no layer and some other
explanation of the PKP traveltimes results must be sought. We shall
have to wait for this discrepancy to be resolved.

We have been driven to propose this stably stratified VCL in
order to explain the seismic observations; we have not addressed
the difficult question of how such a layer could be sustained. Heat
and light material must pass through the layer without mixing it,
which would disrupt the density stratification. For most models the
velocity of advance is of order v ≈ 10−11 m s−1, or a present growth
rate of 300 m Myr−1, and this determines the speed of the transfer
of light and heavy material that is required to maintain the density
and concentration gradient. The speed is much slower than typi-
cal convective velocities in the outer core (10−4 m s−1) and much
faster than molecular diffusion, which has a material Péclet number
vd/D ≈ 1000 taking d = 150 km and D = 10−9 m2 s−1, the molec-
ular diffusion constant. Some process other than simple advection
or diffusion is therefore needed to allow passage of material within
the layer.

We envisage a process of dynamic melting and freezing, akin
to zone refining. The lowest stratum of the layer adjacent to the
ICB freezes, leaving an excess of light material and heat. This light
material exchanges with heavy solid falling from above, which
melts because of the excess heat. Any vertical motion is slow, on
the scale of the advance of the ICB, and does not mix the layer. The
process is repeated through the strata to the top of the layer. This re-
establishes the layer in the same configuration as before but raised
up by the advance of the ICB. The same process applies whether
the solid is heavy, sinks and re-melts, or is light, rises and re-melts
as Braginsky (1963) wanted. The layer satisfies all the conditions of
equilibrium thermodynamics and is therefore self-consistent. The
process does not allow for constitutional supercooling, as invoked
by many authors to give a mushy layer at the top of the inner core,
but it does not preclude such a layer, since additional constituents
of the outer core may still form a mush.

5 S U M M A RY

We have shown that a boundary layer at the base of the liquid
core, in which the temperature remains on the liquidus and the
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composition adjusts from the outer core value towards or to the
inner core value, can explain recent seismological structures and
give reasonable estimates of the heat flux escaping from the inner
core. Heat flux depends mostly on the assumed thickness of the
layer and decreases with increasing layer thickness. Heat flux also
depends on the density difference across the layer, which in turn
depends on �ρmod − �ρ bod; it does not depend significantly on
the individual density jumps. The V P gradient depends in a similar
way on the density jumps and layer thickness.

Our preferred model has a large overall density jump between the
inner and outer cores of 0.8 gm cc−1, pointing to an excess oxygen
content in the outer core of 13 mole per cent O; a sharp density jump
of 0.6 gm cc−1 at the inner core boundary itself, resulting from a
basal composition of 9 mole per cent O or perhaps a combination
of some other elements that forms a heavy solid fraction there; and
a compositional gradient throughout a 200 km-thick layer above
the inner core. The model satisfies the constraints set by, on the
one hand, powering the geodynamo with a reasonable heat flux
from the core and, on the other, PKP traveltimes and normal mode
frequencies.

The theory has three quite remarkable outcomes. First, it predicts
a heat flux from the inner core and an inner core age of the right
order of magnitude directly from seismic observations. If the rest
of the outer core is adiabatic and without significant radiogenic
heating the theory also yields estimates of the heat flux passing
across the core-mantle boundary and the entropy available to support
the geodynamo. Secondly, it explains rather nicely the discrepancy
between the density jump at the ICB obtained from normal modes
and that obtained from body waves (Masters & Gubbins 2003; Koper
& Dombrovskaya 2005): normal modes sample the total density
jump, caused by freezing and the outer-inner core compositional
difference, while body waves sample only the jump at the ICB itself
caused by freezing and the compositional difference between the
heavy and light fractions that separate from the eutectic mixture.
Thirdly, the new heat flux estimates include only the heat emanating
from the inner core: they do not include the heat generated in the
radiogenic heating in the outer core.

The most important assumptions to check by high pressure ex-
periments and/or theoretical calculations are the validity of ideal
solution theory for these materials under these conditions, and the
variation of V P with composition. The critical assumption is, of
course, whether the system will behave in the way described. We
implicitly assume that the layer is liquid throughout and that all the
latent heat is released at the base of the layer. If solid is present then
some latent heat would be released within the layer rather than at the
bottom, changing the results somewhat. Unfortunately details of the
process requires a full theory of the freezing process and dynamics
within the layer, which is beyond the scope of this study.
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A P P E N D I X A : M A L K U S ’ D E R I VAT I O N
O F T H E S LU R RY F R A C T I O N

Malkus (1973) defines � to be the density difference ρ s − ρ l so
that ρ = ρ s − f �. Taking d s = 0 gives

de + Pdρ−1 = 0. (A1)

Take P , f to be the independent state variables. Then

de =
(

∂e

∂ f

)
P

d f +
(

∂e

∂ P

)
f

d P = Ld f +
(

∂e

∂ P

)
f

d P (A2)

and

− P

ρ2
dρ = − P

ρ2

[(
∂ρ

∂ f

)
P

d f +
(

∂ρ

∂ P

)
f

d P

]

= − P

ρ2

[
−�d f +

(
∂ρ

∂ P

)
f

d P

]
. (A3)

To evaluate the derivatives at constant f we change variables to P ,
T to give(

∂e

∂ P

)
f

=
(

∂e

∂ P

)
T

+
(

∂e

∂T

)
P

(
∂T

∂ P

)
f

=
(

P KT

ρ
− αT

ρ

)
+

(
CP − Pα

ρ

)(
∂T

∂ P

)
f

(A4)

and(
∂ρ

∂ P

)
f

=
(

∂ρ

∂ P

)
T

+
(

∂ρ

∂T

)
P

(
∂T

∂ P

)
f

= ρKT − ρα

(
∂T

∂ P

)
f

.

(A5)

Substituting (A2), (A3), (A4) and (A5) into (A1) and rearranging
gives

d f

dP
= αT/ρ − CP (∂T/∂ P) f

L + P�/ρ2
; (A6)

in terms of the adiabatic gradient(
∂T

∂ P

)
S

= αT

ρCP
(A7)

we have

d f

d P
= CP

L + P�/ρ2

[(
∂T

∂ P

)
s

−
(

∂T

∂ P

)
f

]
. (A8)

We can simply change the differentiation from pressure to radius on
both sides to obtain eq. (A6).

A P P E N D I X B : L I S T O F S Y M B O L S

c Molecular concentration
cd Compositional change across layer, cd = co − cb

cE Eutectic composition at base of outer core
co Concentration in main body of outer core
C , D Constants of integration
C P Specific heat at constant pressure
d Layer thickness
e Internal energy
f Mass fraction of liquid
G Shear modulus
k Thermal conductivity
K Adiabatic bulk modulus
L Latent heat of outer core liquid
L o Latent heat of light component
L c L modified for heat capacity of inner core
T l Liquidus temperature
T ′

m Melting gradient dT m/dr
T ′

c Melting gradient dT m/dc
T ′

a Adiabatic gradient dT a/dr
B, ε, A Coefficients in the equation for c
R Gas constant
M i Mass of inner core
P Pressure
Q i,c Heat flux across the ICB and CMB, respectively
r , z, t Radius, height above ICB, time
s Entropy
T Temperature
v Rate of growth of r i

V P Acoustic (P-wave) velocity
V Volume
x Mass concentration
α Coefficient of thermal expansion
β, α D Diffusion coefficients
� ρ s − ρ l

�PKP Distance to PKP C-cusp
κ Thermal diffusivity
μ Chemical potential
ρ Density

Subscripts
L,H Light, heavy component
m,a Melting, adiabatic
s,l,i Solid, liquid, inner core
v,r Voigt, Reuss averaging
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