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[1] We use limb profiles to quantify the long‐wavelength topography of the Saturnian
satellites. The degree 2 shapes of Mimas, Enceladus, and Tethys are not consistent with
hydrostatic equilibrium. We derive 2‐D topographic maps out to spherical harmonic
degree 8. There is a good correlation with topography derived from stereo techniques. If
uncompensated, topography at degree 3 and higher is large enough to be detectable
during close spacecraft flybys. If not properly accounted for, this topography may bias
estimates of a satellite’s degree 2 gravity coefficients (which are used to determine the
moment of inertia). We also derive a one‐dimensional variance spectrum (a measure of
how roughness varies with wavelength) for each body. The short‐wavelength spectral
slope is −2 to −2.5, similar to silicate bodies. However, unlike the terrestrial planets, each
satellite spectrum shows a reduction in slope at longer wavelengths. If this break in slope
is due to a transition from flexural to isostatic support, the globally averaged elastic
thickness Te of each satellite may be derived. We obtain Te values of ≥5 km, 1.5–5 km,
≈5 km, and ≥5 km for Tethys, Dione, Rhea, and Iapetus, respectively. For Europa, we
obtain Te ≈ 1.5 km. These estimates are generally consistent with estimates made using
other techniques. For Enceladus, intermediate wavelengths imply Te ≥ 0.5 km, but the
variance spectrum at wavelengths greater than 150 km is probably influenced by long‐
wavelength processes such as convection or shell thickness variations. Impact cratering
may also play a role in determining the variance spectra of some bodies.

Citation: Nimmo, F., B. G. Bills, and P. C. Thomas (2011), Geophysical implications of the long‐wavelength topography of the
Saturnian satellites, J. Geophys. Res., 116, E11001, doi:10.1029/2011JE003835.

1. Introduction

[2] The long‐wavelength topography of the icy satellites
is important for several reasons. Perhaps most fundamen-
tally, a satellite’s shape can be used to infer the moment of
inertia, and thus its internal structure, assuming that it is has
no effective rigidity [e.g., Dermott and Thomas, 1988]. As
on the terrestrial planets, long‐wavelength topography can
be used to infer the properties of the near‐surface layer. For
instance, shell thickness variations likely cause the observed
long‐wavelength topography on Titan [Nimmo and Bills,
2010] and Enceladus [Schenk and McKinnon, 2009],
while impact basins with variable degrees of relaxation
apparently dominate the topography of satellites such as
Rhea [e.g., Schenk and Moore, 2007]. Perhaps less obvi-
ously, the change in topographic power (variance) as a
function of wavelength can also be used to infer the rigidity

or thickness of the near‐surface layer [e.g., Malamud and
Turcotte, 2001; Luttrell and Sandwell, 2006]. Finally,
long‐wavelength topography, unless fully compensated, will
have an effect on the satellite gravity field. On the one hand,
such a signal is potentially detectable, thus providing con-
straints on the degree of compensation [e.g., Wieczorek,
2007]. On the other hand, if not accounted for, such effects
may make the estimation of low‐degree gravity coefficients
more uncertain [Mackenzie et al., 2008].
[3] There are two primary ways of deriving long‐wave-

length topography. The first is to use stereo images [e.g.,
Schenk and Moore, 1995; Giese et al., 1998]. This approach
provides 2‐D data sets where suitable images are available,
with spatial resolution a few times worse than the image
resolution. However, each data set typically requires
smoothing and gap filling, while global topography derived
from such data sets requires combining image pairs with
different spatial resolutions and viewing geometries, and
may lead to long‐wavelength warping. Stereo data is thus
not particularly suitable for investigations of the wavelength
dependence of topography [see Bills and Nerem, 2001]. The
second method is to use limb profiles [e.g., Dermott and
Thomas, 1988]. These require less processing than stereo
topography, but are still subject to biases; in particular,
topographic depressions may be obscured by surrounding
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higher topography, leading to a systematic positive bias
[Thomas et al., 2007]. Moreover, limb profiles provide only
1‐D topography transects, and are thus more difficult to
convert into 2‐D topography maps.
[4] In an earlier paper, Nimmo et al. [2010, hereinafter

NBTA] described techniques for the analysis of limb profile
data and the recovery of 2‐D topography from multiple limb
profile tracks. They then went on to apply those techniques
to limb profiles for Rhea. Following the release of further
limb profile data (as described by Thomas [2010]), the aim
of this paper is to apply the techniques developed by NBTA
to all the inner Saturnian satellites: Mimas, Enceladus,
Tethys, Dione, and Rhea. The advantage of examining all
these satellites is that it permits a comparative analysis:
patterns become obvious which studies of a single satellite
would not reveal.
[5] The rest of this paper is organized as follows. Section

2 describes the limb profile data used, while section 3 de-
rives long‐wavelength 2‐D topography for each of the inner
satellites, and compares the results with those derived by
other techniques. Section 4 examines the variation of
topographic roughness with wavelength for individual 1‐D
limb profiles, and investigates the geophysical con-
sequences. Finally, section 5 summarizes the results and
discusses some further geophysical implications.

2. Limb Profile Data

[6] For the Saturnian satellites we use the limb profile data
described by Thomas [2010]. Depending on the application,
these limb profiles are referenced either to a sphere, or to a
best fit ellipsoid (usually those of Thomas [2010]). For the
Europa limb profiles, we use the four Galileo profiles as
described by Nimmo et al. [2007].
[7] A problem with all limb profiles is that a topographic

low may be obscured by surrounding higher topography.
NBTA used synthetic limb profiles to investigate the effect
of this bias on estimates of variance (roughness), and found
it to be negligible. We will therefore not discuss this issue
further here.
[8] Table 1 summarizes properties of the limb profile data

sets for each body. We excluded some short profiles from

our variance spectral estimates (see section 4 below) to
avoid biasing the results; thus, the number of data points
used does not correspond exactly to Thomas [2010].

3. Spherical Harmonics

[9] The existence of multiple limb profiles allows the
global long‐wavelength topography of each satellite to be
determined. However, even though the along‐track spacing
is typically only a few km, the spatial resolution of the
topography is controlled by the track‐to‐track separation,
which can be hundreds of km. Furthermore, as discussed by
NBTA, the existence of data gaps typically requires some
kind of a priori constraint to be applied to the topography, to
avoid spurious results. The higher the spatial resolution of
the topography (larger spherical harmonic degree l), the
more important the a priori constraint becomes. Below we
discuss calculation of the degree 2 shape (which requires no
constraint), and then calculation of higher‐order coefficients
(which does).
[10] We express the topography h as a summation of

spherical harmonic coefficients:

h �; �ð Þ ¼ R0

XN

l¼2

Xl

m¼0

Pl;m cos �ð Þ½ � Clm cosm�þ Slm sinm�
� � ð1Þ

where � and � are colatitude and longitude, respectively, R0

is the mean satellite radius, Slm and Clm are the normalized
spherical harmonic coefficients of degree l and order m, and
Pl,m[cos(�)] are normalized associated Legendre functions.
The unnormalized functions are given by, e.g., Abramowitz
and Stegun [1965, p. 334, equation 8.5.4]. The normal-
ized and unnormalized coefficients are related by: Clm =
Cl,m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� �0mð Þ 2l þ 1ð Þ l � mð Þ!= l þ mð Þ!p

and similarly for
Slm, where d0m is the Kronecker delta. This normalization
is the same as that given by Wieczorek [2007] but differs
slightly from the normalization used by NBTA. We will use
both normalized and unnormalized coefficients below.

3.1. Degree 2 Harmonics

[11] As we will demonstrate below, the magnitude of the
degree 3 harmonics rarely exceeds 0.1 km (Table 3).
Because of tidal and rotational distortion, the magnitude of
the degree 2 harmonics can be several km [Thomas, 2010].
Although the topographic variance generally varies
smoothly with wavelength (see Figure 4 below), we would
not expect the degree 2 variance to fit on this trend, because
additional physical mechanisms (tides and rotation) are
involved at l = 2. As a result, deriving degree 2 harmonics
using an a priori constraint based on this short‐wavelength
behavior is unlikely to be successful. In practice, it proved
impossible to obtain reasonable estimates of the degree 2
terms (based on comparisons with the results of Thomas
[2010]) except when we used an a priori constraint much
weaker than the optimal constraint derived from analysis of
synthetic data sets (see section 3.3 below).
[12] We instead elected to estimate the degree 2 harmo-

nics separately, using a brute force grid search approach.
Using the limb profiles referenced to a sphere, we varied all
five degree 2 coefficients in increments of 0.02 km and
calculated the topography at each point using equation (1).
By comparing the observed with the model topography, we

Table 1. Satellite Limb Profile Data

Body
R0

a

(km) Mb Np
c

s0
2d

(km2)
Log10
(s35km

2 )e
Te

f

(km) R35
g

Mimas 198.2 20,774 40 0.43 −2.8 ‐ 0.3
Enceladus 252.1 25,750 43 0.20 −4.0 ≥0.5(?) 0.03
Tethys 531.0 19,767 32 1.42 −3.4 ≥5 0.1
Dione 561.4 32,433 43 0.35 −3.8 1.5–5 0.3
Rhea 763.5 34,556 50 1.11 −3.7 ≈5 0.15
Iapetus 734.5 17,126 68 13.3 −3.3 ≥5 0.1
Europa 1,560.8 3,600 4 0.23 −4.3 ≈1.5 0.001

aMean radius.
bNumber of observations used.
cNumber of individual profiles.
dTotal variance with respect to the best fit ellipsoids of Thomas [2010].
eVariance at 35 km wavelength (see Figure 5).
fThe elastic thickness determined from the variance spectra in Figure 4,

assuming that a change in slope represents the transition from flexural to
isostatic support (see text).

gApproximate value of the crater R plot at 35 km diameter (see Figure 5
and text for data sources).
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found the combination of coefficients which minimized the
RMS misfit. Note that this approach, unlike that used for the
higher‐degree harmonics below, does not involve any a
priori constraint.
[13] Table 2 gives the resulting normalized degree 2

coefficients. As expected, the largest coefficients are C20

and C22. For a tidally and rotationally distorted hydrostatic
body, all other coefficients should be zero and the ratio
−C20/C22 should be 10/3. The best fit solutions sometimes
result in significant power in other coefficients (e.g., C21

and S21 for Rhea, S22 for Tethys) and ratios which deviate
markedly from 10/3. Assuming that these bodies are in
principal axis rotation, the off‐diagonal potential coeffi-
cients should be zero. The relatively large off‐diagonal
shape coefficients for Rhea indicate that the ellipsoid is not
exactly aligned with the coordinate system, perhaps as a
result of lateral density contrasts.
[14] In order to assess the uncertainty in the derived

coefficients, we proceeded as follows. For each satellite, we
generated 400 sets of synthetic topographic data calculated
from spherical harmonic coefficients. The degree 2 coeffi-
cients were fixed at the best fit values we derived, while from
l = 3 to l = 90 the coefficients were randomly selected, subject
to the condition that the degree variance Vl (equation (2)
below) varied as l−1 and the total topographic RMS vari-
ance s0

2 equaled the observed value (tabulated in Table 1).
Each synthetic data set was interpolated onto the limb profile
locations, and a best fit grid search performed exactly as with
the real data to obtain the synthetic spherical degree 2 coef-
ficients. This yielded 400 sets of synthetic coefficients; we
then calculated the mean value and standard deviation s of
each coefficient (see Table 2).
[15] Using the real data we also calculated the fraction by

which the RMS misfit increased, relative to the minimum
misfit, when each coefficient was set at a value two standard
deviations above or below the best fit value. The increase in
misfit was generally quite small: 9%, 13%, 2%, 8%, and 5%
for Mimas, Enceladus, Tethys, Dione, and Rhea, respec-
tively. We use this cutoff value as a criterion for deciding
whether a particular model has an acceptable misfit or not.
[16] Because shape data can only be used to infer internal

structure if the body is hydrostatic, it is important to check
the extent to which the fit is degraded for purely hydrostatic
solutions. To impose a hydrostatic solution we allow only

C20 and C22 to depart from zero, and fix the ratio C20/C22 to
the hydrostatic ratio of −10/3. The RMS misfit of the best fit
model to the observations increases by 0.23 km, 0.08 km,
0.04 km, 0.04 km, and 0.03 km (or 34%, 18%, 7%, 3%, and
3%) for Mimas, Enceladus, Dione, Tethys, and Rhea,
respectively, when hydrostatic solutions are imposed. By
comparing this misfit increase with the 2‐sigma value
derived above, we conclude that Mimas, Enceladus, and
Tethys all have degree 2 shapes which are incompatible with
hydrostatic equilibrium. An identical conclusion is reached
by considering whether the errors in the ratio C20/C22 permit
a hydrostatic value (see Table 2). Our conclusions differ
from those of Thomas [2010] only for Tethys: we find
Tethys to be nonhydrostatic, while Thomas [2010] con-
cludes that the shape is consistent with a hydrostatic body.
Of course, in practice all of these satellites are nonhydro-
static at some level, because they possess shorter‐wave-
length topography (see section 3.4).
[17] Table 2 also gives the derived axes a − R0, b − R0,

and c − R0. In general, these values agree to within ±0.1 km
with those obtained by Thomas [2010]. The one exception is
Rhea, where our values of a − R0 and b − R0 differ from
Thomas’s [2010] values of 1.5 ± 0.7 km and −0.4 ± 0.6 km.
The estimated uncertainties are large enough that the two
estimates are not formally inconsistent with each other.
Nonetheless, compared with our best fit solution (Table 2),
the solution by Thomas [2010] increases the misfit by 9%,
which is larger than the cutoff value derived above.
Accordingly, we regard our best fit solution as a better
estimate of the real shape of Rhea.
[18] Thomas’s [2010] approach assumes that the axes of

the triaxial ellipsoid are aligned with the coordinate system
(e.g., the longest axis passes through 0°W, 0°N and 180°W,
0°N). Our approach does not make this assumption in
general, but even in the case that only C20 and C22 are
allowed to be nonzero, we do not obtain Thomas’s [2010]
results for Rhea. Most likely the discrepancy is simply a
result of trying to fit a relatively subtle degree 2 shape
when rough topography exists.
[19] Our investigations of higher‐order topography (see

sections 3.2–3.4) use the topography referenced to the
degree 2 shape. In general, we used the degree 2 shapes of
Thomas [2010]. However, in the case of Rhea, we used both
the shape of Thomas [2010] and the degree 2 shape from

Table 2. Normalized Degree 2 Spherical Harmonic Topography Coefficients Derived Using the Grid Search Methoda

Satellite C20 C21 S21 C22 S22
RMSb

Misfit SDc −C20/C22
d a − R0

e b − R0
e c − R0

e

Mimas −3.46(7) −0.10(6) 0.00(6) 2.83(4) −0.07(5) 0.68 4.38 4.24 ± 0.31 9.34 ± 0.23 −1.61 ± 0.23 −7.74 ± 0.31
Enceladus −1.72(8) 0.00(4) −0.05(4) 1.42(3) 0.06(3) 0.44 2.36 4.20 ± 0.63 4.67 ± 0.23 −0.83 ± 0.23 −3.85 ± 0.36
Tethys −2.13(7) −0.01(3) −0.13(5) 2.59(5) 0.17(4) 1.18 3.71 2.85 ± 0.33 7.39 ± 0.27 −2.63 ± 0.27 −4.76 ± 0.31
Dione −0.86(7) 0.01(5) −0.01(4) 0.57(5) 0.01(4) 0.59 1.23 5.26 ± 2.17 2.06 ± 0.25 −0.13 ± 0.25 −1.92 ± 0.31
Rhea −0.5(1) 0.10(5) −0.13(5) 0.8(1) −0.01(4) 1.01 1.37 2.30 ± 1.62 2.11 ± 0.35 −0.94 ± 0.35 −1.16 ± 0.45

aSee text for further explanation. Numbers in parentheses are the uncertainties (1‐sigma) in the last digit (see text); thus, −3.46(7) should be read as
−3.46 ± 0.07.

bRMS misfit between the best fit model topography and the raw topography (in km).
cThe standard deviation of the raw topography relative to a sphere (in km).
dThe coefficients are unnormalized and the uncertainties (2‐sigma) are calculated using the upper bound on C20 and the lower bound on C22. The

expected hydrostatic ratio is 3.33.
eThe implied axes a, b, and c, where R0 is the mean radius (in km). Uncertainties in the latter are derived from the 2‐sigma uncertainties in C20 and C22,

assuming that errors add quadratically. To allow comparison with Thomas [2010] we calculate a from the radial values at 0°W, 0°N, and 180°W, 0°N, and
similarly with b and c.
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Table 2 to check the sensitivity of our results to uncertainties
in the global shape.

3.2. Higher‐Order Harmonics: Method

[20] The maximum separation between neighboring limb
profiles for many of the satellites is ≈60° (see Figure 2).
Roughly speaking, this suggests that spherical harmonic
topography degrees l ≤ 6 will be well determined. Based on
some trial runs, we decided to use a maximum degree lmax =
8 for each satellite. This represents a compromise between
high spatial resolution and high fidelity, and also allows a
direct comparison with the Rhea results tabulated by NBTA.
In our trial runs, we also found great difficulty in getting
stable results for Iapetus, and have therefore excluded Iapetus
from the present analysis.
[21] The topographic variance at each degree Vl is given

by

Vl ¼
Xl

m¼0

Clm
2 þ Slm

2 ð2Þ

[22] As described by NBTA, we use a constrained least
squares approach to estimating the coefficients x = {C00,
C10, C11, S11, C20, C21, S21, C22, � � � CNN, SNN} from the
observations z = {h1, h2, h3 � � � hM}, where hi is the mea-
sured topography at position (�i, �i). In particular, we use
the following equation

x̂ ¼ AT � Aþ rMB
� ��1�AT � z ð3Þ

where an underline denotes a vector or matrix, M is the
number of observations, and Aij is the partial derivative
matrix

Ai;j ¼ @zi
@xj

; ð4Þ

each element of which can be obtained from equation (1), T
denotes transpose, and a hat denotes an estimated quantity.
Here r is an arbitrary dimensionless constant which allows
the strength of the a priori constraint to be varied.
[23] The particular a priori constraint that we adopt is to

constrain the slope of the 2‐Dvariance spectrum (equation (2)).
Anticipating the results of section 4, we take the 2‐D variance
spectrum to have a long‐wavelength slope b ≈ −1. Note that
this constraint differs from the flat power spectrum assumed by
NBTA. Note also that the use of 1‐D variance spectra to

constrain 2‐D variance spectra is discussed in that work, and
was found not to introduce significant errors.
[24] To apply this constraint, we define the diagonal

matrix B where the values on the diagonal are given by {b0,
b1, b1, b1, b2, b2, b2, b2, b2, � � �}. These values represent
expected variance of the spectrum, as derived from the 1‐D
observations. The coefficients bl are given by

bl ¼ �2
o

2l þ 1ð Þ l
� ð5Þ

Here so
2 is the total variance of the topography and we

divide by (2l + 1) because there are that many terms of
degree l. Except where noted below, we take b = −1.
Although for this value of b equation (5) diverges if inte-
grated over all l, we are only expanding out to l = 8. In
reality, of course, the variance slope becomes more negative
at larger l (shorter wavelength).
[25] As discussed by NBTA, we divided each set of limb

profile data into ten subsets, and used equation (3) on each
subset in turn. This approach both reduces the size of the z
vector and allows us to estimate the (formal) uncertainty in
the results. Errors quoted in Table 3, unless otherwise
noted, are one standard deviation calculated from the 10 data
subsets.
[26] Although the results presented below use an a priori

constraint based on a −1 slope, we also carried out an
equivalent set of calculations using a flat slope (b = 0)
constraint. In this latter case, r values as derived from
synthetics (see section 3.3) were roughly an order of mag-
nitude higher, but the derived spherical harmonic coeffi-
cients did not differ significantly from those estimated using
a slope −1 constraint.

3.3. Synthetics

[27] As noted above, the strength of the a priori constraint
r required to suppress oscillations in areas where there are
no observations depends on the limb profile coverage. We
therefore tested the ability of equation (3) to recover syn-
thetic topography using each satellite’s limb profile loca-
tions in turn.
[28] Our approach follows that outlined by NBTA. We

generated synthetic topography using equation (1) with
randomly determined spherical harmonic coefficients hav-
ing a variance spectral slope of −1, in approximate agree-
ment with the actual long‐wavelength topography. The
expansion was carried out from l = 3 to l = 120. For each set
of limb profile locations, we then used equation (3) to

Table 3. Normalized Degree 3 Spherical Harmonic Topography Coefficients Derived Using Equation (3) With the Tabulated Value of ra

Satellite r C30 C31 S31 C32 S32 C33 S33 V3 V4 V5 V6 V7 V8

Mimas 3 × 105 0.019(2) 0.019(6) −0.088(2) −0.021(3) −0.018(3) −0.021(3) −0.025(2) 0.010 0.023 0.012 0.021 0.034 0.024
Enceladus 105 0.145(2) 0.045(1) −0.054(4) 0.001(3) 0.020(2) −0.069(2) 0.001(2) 0.031 0.026 0.015 0.017 0.022 0.015
Tethys 3 × 106 0.021(4) 0.079(3) −0.027(1) −0.009(3) −0.015(2) −0.019(2) 0.019(3) 0.008 0.045 0.039 0.077 0.119 0.087
Dione 105 −0.032(7) 0.055(3) −0.085(4) −0.068(7) 0.050(4) 0.017(6) −0.007(3) 0.019 0.032 0.013 0.018 0.011 0.017
Rhea 107 −0.053(1) −0.034(1) −0.010(3) 0.039(1) −0.005(2) 0.042(1) −0.020(1) 0.008 0.012 0.012 0.013 0.013 0.029
Rhea 107 −0.042(1) −0.020(1) −0.001(3) 0.040(1) −0.010(2) 0.019(1) 0.007(1) 0.004 0.012 0.008 0.012 0.012 0.021

aNumbers in parentheses are the formal uncertainties in the last digit (see text); thus, 0.019(2) should be read as 0.019 ± 0.002. The higher‐degree
variances Vl (equation (2)) are also given. Units are km for the coefficients and km2 for the variances. All solutions use topography referenced to the
best fit shapes of Thomas [2010], except for the final row, in which Rhea’s degree 2 shape from Table 2 is used.
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recover the topography from l = 3 to l = 8 with differing
values of r, and gridded the results.
[29] Figure 1a plots the RMS variance in the gridded

recovered topography (sout) compared with the RMS var-

iance in the gridded input topography (sin), as a function
of r. As expected, for small values of r the output variance
is constant, while beyond some critical value of r a
stronger constraint reduces the output variance. Figure 1b
plots the RMS misfit between the recovered and input
gridded topography srms as a function of r. As NBTA found
for Rhea, values of r which are too large or too small result in
an increased misfit, the former because the topography has
been overdamped, and the latter because areas not con-
strained by limb profiles develop large oscillations if r is too
small.
[30] Evidently, the ideal value of r is one for which the

output variance is similar to the input variance (sout/sin ≈ 1),
and the RMS misfit between input and recovered topogra-
phy srms is minimized. The squares in Figures 1a and 1b
show the values of r chosen for each set of limb profile
locations. In all cases the misfit is minimized and the ratio
sout/sin ≈ 1.
[31] To further verify that the value of r chosen was

appropriate, we compared the input variance with the output
variance on a degree‐by‐degree basis. Figure 1c shows an
example (using Enceladus limb profile locations). The solid
circles are the variance of the input topography (equation (2)),
showing the 1/l dependence. The open circles are the variance
of the recovered topography. Degrees 3 and 4 are recovered
almost exactly, while degrees 5–8 show larger deviations (up
to ≈30%). Results for other limb profile locations (not shown)
are similar.

3.4. Higher‐Order Harmonics: Results

[32] The value of r adopted for each satellite is docu-
mented in Table 3, along with information on the spherical
harmonic coefficients recovered. Because the limb profile
data used here are referenced to a best fit ellipsoid, we only
attempt to recover degrees 3 and higher.
[33] Table 3 gives the normalized degree 3 coefficients

in full, and the variance of the higher degrees (the full
coefficients are available in the auxiliary material).1 The
resulting topographic maps are shown in Figures 2a–2e,
and the variance spectra in Figure 2f. The uncertainties in
the degree 3 coefficients are derived from analyzing sub-
sets of the limb profile data, as described in section 3.2,
and are thus only formal errors.
[34] Figures 2a–2e plot the derived topography, expanded

from l = 3 to l = 8. In most cases, the total relief is less
than 2 km; stereo topography indicates a greater range (up
to 10 km [Schenk, 2010]) because it is sensitive to much
shorter wavelengths. For Mimas, Tethys, Dione, and Rhea
the locations of the largest impact basins are plotted. On
Mimas, Herschel (diameter D = 139 km) is partially
recovered, although the center of the basin is not sampled
by the limb profiles. On Tethys, Odysseus (D = 445 km) is
well sampled and shows up clearly on individual profiles
[Thomas, 2010]; the peak‐to‐trough depth is about 4.5 km,
less than the actual depth of about 8 km [Schenk and
Moore, 2007] due to the smoothing imposed by the low‐
order spherical harmonics. Melanthius (D = 250 km) is
partially recovered despite being sampled by only a single
profile, and Penelope (D = 208 km) is not sampled at all.

Figure 1. Results of recovering synthetic topography (see
text). Note that individual satellite names mean that particu-
lar set of limb profile locations but not the actual limb pro-
file measurements. (a) Standard deviation (sout) of the
recovered gridded topography, relative to the standard devi-
ation sin of the input gridded topography, as a function of
constraint parameter r. Standard deviations are calculated
from l = 3 to l = 8, sin = 0.33 km, and gridding was 1° ×
1°. Squares denote the r value chosen as the optimum for
each set of limb profiles. (b) As in Figure 1a but plotting
the RMS misfit between the input and recovered gridded
topography as a function of r. (c) Comparison between input
and recovered degree variance, using the location of the En-
celadus limb profiles. Note the 1/l behavior of the input
topography.

1Auxiliary materials are available at ftp://ftp.agu.org/apend/je/
2011je003835.
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Tirawa (D = 360 km) on Rhea is well sampled and shows
up as a topographic low. Finally, Evander (D = 350 km) on
Dione and Mamaldi (D = 480 km) on Rhea both appear
as topographic highs. Stereo topography shows that both
basins are significantly relaxed [Jaumann et al., 2009],
suggesting that the limb profiles are detecting the basin rim
rather than the floor.
[35] Although Enceladus does not possess impact ba-

sins, it nevertheless has regional relief. Figure 2b plots
the approximate location of the topographic lows identi-
fied by Schenk and McKinnon [2009] based on regional
stereo images. The correspondence between the topo-
graphic lows identified by these two very different tech-
niques is striking. The topographic depression at the South

Pole of Enceladus [Thomas et al., 2007] is also clearly
visible.
[36] Figure 2f plots the degree variance for the different

bodies (as summarized in Table 3). Despite the imposition
of an a priori constraint favoring a −1 slope, most of the
variance spectra are approximately flat or have positive
slopes. For Rhea, we plot results both for topography rela-
tive to the Thomas [2010] shape and for the shape given in
Table 2. Although the individual coefficients derived are
somewhat different (see Table 3), the degree variance for the
two cases is very similar. Tethys is a special case: the peak
at l = 7 is there because that is the principal wavelength
associated with the Odysseus basin. Thus, in some cases a
single geological feature can have a nonnegligible effect on

Figure 2. (a) Topography of Mimas, expanded from l = 3 to l = 8, using coefficients given in Table 3
and the auxiliary material. Simple cylindrical projection. Labeled ellipses show large impact basins. Black
circles give locations of limb profiles used. Contour interval 0.2 km. (b) As in Figure 2a but for En-
celadus. Here the labeled red dashed lines denote regions identified by Schenk and McKinnon [2009] as
topographic lows on the basis of stereo data. (c) As in Figure 2a but for Tethys. (d) As in Figure 2a but for
Dione. (e) As in Figure 2a but for Rhea. (f) Degree variance for all satellites (see Table 3). The peak for
Tethys at l = 7 is due to Odysseus basin (see text). For Rhea, two lines are shown: one when the
topography is relative to the best fit ellipsoid of Thomas [2010], and the other relative to the shape given
in Table 2.
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the overall variance spectrum, which makes any inference of
global properties difficult. To make further progress in such
cases, some kind of spatiospectral localization technique [e.g.,
Wieczorek and Simons, 2005] is probably required.

3.5. Gravity Consequences

[37] As pointed out by NBTA, if the l > 2 topography is
uncompensated, detectable gravity anomalies may result (as
at Ganymede [Palguta et al., 2006]). Figure 3 shows how
the likely gravity anomaly changes when higher‐order
topography is included for the case of Enceladus. Figure 3a
shows a hypothetical flyby geometry, with a closest
approach of 50 km. Figure 3b (solid black line) shows the
resulting acceleration in the along‐track direction, using
uncompensated topography with l = 2 alone (Table 2).
Including higher‐order uncompensated topography (from
l = 2 to l = 8, Tables 2 and 3) results in the dotted black
line: the peak accelerations are increased. As expected, the
differences are largest around closest approach, and
approach 0.1 mm s−2. However, the effect of the higher‐
degree topography could be misinterpreted instead as a
larger degree 2 gravity coefficient. The red dashed line
shows that increasing C20 by 10% has almost the same effect
as including higher‐order uncompensated topography. Since
C20 is used to determine the moment of inertia, a possible
10% error in the estimated value is quite important. This
calculation suggests that uncompensated higher‐degree
topography may have detectable consequences, which if not
taken into account may result in errors in estimates of the
degree 2 gravity coefficients [cf. Mackenzie et al., 2008].

4. One‐Dimensional Variance Spectra

[38] One way of expressing how the roughness of a
topographic profile varies with wavelength is by finding its
variance spectrum [e.g., Shepard et al., 2001]. Here we
follow the approach of NBTA in calculating 1‐D variance
spectra from the limb profiles.
[39] A single profile consists of topographic observations

h(xi) (with i = 0, � � � N − 1) where xi is the along‐track distance.

Assuming the data points have a constant spacing, we may
take the discrete Fourier transform [e.g., Press et al., 1996]:

Hj ¼
XN�1

i¼0

h xið Þe2�ijN

ffiffiffiffiffi�1
p

ð6Þ

where i and j are integers. The wave number k associated with
Hj is given by k = 2p(j − 1)/L, where L is the total length of the
topographic profile. The variance at a particular wave number
is then given by 1

N2jHjj2 with some suitable normalizing factor
(we use 1 for simplicity). In our case, the topography is defined
relative to the degree 2 shape, and for each profile we inter-
polate the data points to a constant spacing. We detrend the
data by subtracting the straight line defined by the first and last
points, and then remove the mean. We average the variance
estimates within wave number bins to reduce the scatter, and
then average the results from the different profiles analyzed.
[40] The exact nature of the window applied prior to

Fourier transforming can affect estimates of long‐wavelength
variance. We compared the approach above with one in
which each profile was cosine tapered over the first and last
ten percent of its length prior to taking the Fourier transform.
We verified that even for Iapetus, where the break in slope
occurs at the longest wavelength, our results did not differ
appreciably. We did not attempt more sophisticated win-
dowing techniques such as multitapering, but we did ensure
that our theoretical profiles were windowed in the same way
as the actual observations (see section 4.2 below).

4.1. Results

[41] Figure 4 shows the mean 1‐D variance spectrum
obtained for each body using the approach outlined above.
The solid line and circles are the binned spectra, with the
thin black lines representing ± one standard deviation. A
straight line (dotted) with a slope of −1.5, −2, or −2.5 is
shown for reference. In most cases, the slope at short wa-
velengths is very close to −2; for Mimas and Iapetus it is
closer to −2.5. In all cases, the slope shallows at an inter-
mediate wavelength, before in some cases returning to a

Figure 3. (a) Geometry of hypothetical Enceladus flyby. Ground track longitude is assumed constant
(45°W), and closest approach is 50 km altitude at 60°S. (b) Along‐track acceleration, with point mass
contribution removed. Solid line assumes gravity field is due to uncompensated degree 2 topography
alone (Table 2), and dotted line includes the effect of uncompensated topography from l = 2 to l =
8 (Tables 2 and 3). Dashed line is as for solid line but with the degree 2 topography coefficient C20

increased by 10%, showing that it closely mimics the effect of higher‐degree uncompensated topography.
Surface density is assumed to be 1 g/cc, and Enceladus mass is 1.08 × 1020 kg.
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steeper slope at the longest wavelengths. We discuss the
potential implications of this observation further in section 4.2.
[42] Figure 5a superimposes the variance spectra for all

seven bodies, to give a better impression of their relative
roughnesses. Iapetus and Mimas, both heavily cratered and
showing little or no signs of tectonic activity [Jaumann et al.,
2009], are roughest at long and short wavelengths, respec-
tively. Europa, with a young surface age and abundant tec-
tonics, is smoothest at all wavelengths. Active Enceladus is

similarly smooth at short wavelengths, but much rougher at
long wavelengths, perhaps because of long‐wavelength shell
thickness variations or convection [Schenk and McKinnon,
2009]. Dione, Rhea, and Tethys show intermediate behav-
ior. Table 1 gives the topographic variance at 35 km wave-
length (s35km

2 ), shown as a vertical dotted line in Figure 5a.
This length scale is chosen to emphasize local, as opposed
to regional or global, variations in roughness between the
satellites.

Figure 4. Thick line and dots plot binned global 1‐D topographic variance spectrum for each satellite.
Thin black lines are ± one standard deviation. The dotted line has a slope of the specified value. The
dashed red lines are calculated from synthetic topography (with a spectral slope as specified) interpolated
onto the limb profile locations and then treated as the real data (see text). Different lines assume different
elastic thicknesses Te, where the compensation factor (equation (7)) is calculated assuming a thin
spherical shell [Turcotte et al., 1981], an ice Young’s modulus of 9 GPa, and satellite parameters as given
by Thomas [2010]. Lower Te values give lower variances. The steep reduction in variance at short wa-
velengths is an artefact from how the synthetics were generated. For Tethys, the second thick line (without
dots) is the variance spectrum with the six profiles crossing Odysseus excluded. The assumed crust mantle
density contrast is 80 kg m−3.
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4.2. Flexural Interpretation

[43] Most silicate bodies have topographic variance
spectra with a roughly constant slope of ≈−2 [e.g.,
Wieczorek, 2007]. The major exception is the Moon, which
shows a change in slope at a wavelength of about 100 km
[Araki et al., 2009]. These authors suggested that the lunar
break in slope represented a transition from elastically
supported topography to topography that is compensated. If
this is the case, then the wavelength at which the break in
slope occurs will be related to the elastic thickness Te of the
body. Note that this effective elastic thickness will be a
globally averaged quantity, and thus more difficult to
interpret at bodies like Enceladus or Europa, where sig-
nificant spatial variations in shell properties probably occur
[e.g., Collins et al., 2010].
[44] Figure 4 shows changes in the variance spectral

slopes similar to those observed at the Moon and previously
at Rhea (NBTA). NBTA used synthetic data to verify that
the Rhea result was not an artefact caused by limb profile
biases, and interpreted the results in terms of an elastic
thickness. However, their theoretical flexural models were
not windowed in the same way as the real data, with

potentially misleading results [cf. Perez‐Gussinye et al.,
2004]. Below we carry out an analysis correcting this
shortcoming, and conclude that in some cases bounds on
likely Te values can be derived.
[45] In order to investigate whether the observed changes

in slope could be due to flexural processes, we proceeded as
follows. We generated initial random synthetic topographic
load coefficients Clm and Slm from l = 3 to l = 360. At short
wavelengths, loads are uncompensated and so the surface
load amplitude equals the surface topography. We therefore
used the observed short‐wavelength topographic variance to
determine the load variance at one particular wavelength,
and then constrained the load variance to have a frequency
dependence of lb (cf. equation (5)). We generally used b =
−2 (−2.5 for Mimas, −1.5 for Enceladus and Tethys). As
noted above, at short wavelengths the loads are flexurally
supported, but at long wavelengths the loads cause the
lithosphere to deflect, reducing the amplitude of the result-
ing topography. We therefore then multiplied these load
coefficients by a factor Fl (the ratio of the resulting topog-
raphy to the initial load amplitude) to determine the syn-
thetic topography coefficients. Here Fl is given by

Fl ¼ 1

1þ �c
�m��c

Cl
ð7Þ

where Cl is the compensation factor which compares the
deflection of the lithosphere with that expected for a
strengthless situation and rc and rm are the densities of the
crust (ice) and mantle (water), respectively. The quantity Cl

is defined by Turcotte et al. [1981, equation (27)] and
depends on the spherical degree l and the elastic thickness
Te, the rigidity of the ice shell and rc and rm. A fully
compensated load has Cl = 1 and a rigidly supported load
has Cl = 0. Although this formulation applies to topography
referenced to the geoid, the wavelengths at which compen-
sation becomes important are too short for deflections of the
geoid to be significant. We assume crustal and mantle
densities of 920 kg m−3 and 1000 kg m−3, respectively,
representing ice and water; we discuss the effect of varying
these parameters at the end of this section. We calculate the
spherical harmonic degree l using l ≈ kR0 − 1

2, where R0 is the
radius of the body. Because the radii are typically small, both
membrane and bending stresses are important in determining
Fl. Having calculated the synthetic topography, we then used
interpolation to calculate the topography at the location of
each limb profile data point, and then proceeded to calculate
the synthetic 1‐D variance spectra exactly as with the real
data.
[46] The advantage of this approach is that the resulting

synthetic spectra can be compared directly with the real
data, because they have been windowed in exactly the same
way. These spectra are shown for assumed values of Te of
0.1, 0.5, 1.5, 5, and 1000 km (effectively infinite) as the
dashed red lines in Figures 4a–4g. Here we assume a
Poisson’s ratio of 0.25 and a Young’s modulus of ice E =
9 GPa (see Nimmo [2004] for a discussion of the latter
parameter). The synthetic spectra of larger bodies (such as
Europa and Iapetus) show a greater sensitivity to Te,
because on these bodies membrane stresses are less dom-
inant than on smaller bodies. All the synthetic spectra show

Figure 5. (a) Summary plot showing all variance spectra
superimposed. The vertical dotted line is at 35 km wave-
length, where the variance s35km

2 is calculated (see Table 1).
(b) The crater density R value at D = 35 km, compared with
the topographic variance at 35 km wavelength (Table 1).
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a reduction in power at short wavelengths; this is due to
the finite nature of the expansion (l ≤ 360).
[47] In some cases the synthetic spectra match the

observed spectra within error over a limited range of Te
values. Thus, in these cases we can make crude estimates of
the apparent elastic thickness of these bodies. For Dione,
Rhea, and Europa these estimates are 1.5–5 km, ≈5 km, and
≈1.5 km, respectively. In other cases (Tethys and Iapetus)
only a lower bound can be placed on Te, since the com-
pletely rigid end‐member fits the observations. The lower
bound is 5 km in both cases. In the case of Enceladus, the
intermediate wavelength points are fit by synthetics with
Te ≥ 0.5 km, but at wavelengths greater than 150 km the
observed spectral slope increases again. Europa shows
similar behavior, but not as strongly as Enceladus. That
behavior is not predicted by our theoretical model.
Finally, for Mimas the observed reduction in variance at
long wavelengths is much larger than predicted by even
the lowest Te value assumed (0.1 km). This result again
shows the limitations of our simple loading model.
[48] Although the Te bounds obtained in Figure 4 are

crude, they can be compared with estimates derived using
other approaches. For Tethys, Giese et al. [2007] used rift
flank profiles to derive Te = 5–7 km, consistent with our
bound of Te ≥ 5 km. No Te estimates for Mimas or Dione are
currently available, although Schenk [2010] points out that
Dione appears more relaxed than Tethys.
[49] As noted above, our Enceladus bound (Te ≥ 0.5 km) is

complicated by the unexpected long‐wavelength behavior.
For comparison, Giese et al. [2008a] derived Te = 0.3 km
from flexure at a midlatitude rift valley flank on Enceladus,
and Bland et al. [2007] obtained Te = 0.4–1.4 km based on
an analysis of a boudinage‐like instability in equatorial
ridged plains. For Iapetus, Giese et al. [2008b] derived an
elastic thickness of 50–100 km based on the large, appar-
ently unrelaxed topography of crater rims. While this value
is consistent with our bound of Te ≥ 5 km, Giese et al.
[2008b, Appendix A] incorrectly neglect the membrane
stresses (which depend on ETe/R0

2 and are thus large for
small bodies [see Brotchie and Silvester, 1969]) and thus
overestimate the elastic thickness required.
[50] Many estimates of Te are available for Europa. Our

value of ≈1.5 km is higher than estimates of a few hundred
meters based on flexural troughs at ridges (see compilation
by Billings and Kattenhorn [2005]). On the other hand,
some larger‐scale features yield larger Te values, such as the
plateau analyzed by Nimmo et al. [2003] (Te = 6 km) and the
“Mitten” feature of Figueredo et al. [2002] (Te = 4 ± 2 km).
The spectral study of Luttrell and Sandwell [2006] found a
lower bound on lithospheric thickness of 2.5 km, approxi-
mately consistent with our results. Studies based on impact
cratering mechanics (summarized by Bill ings and
Kattenhorn [2005]) yield total ice shell thicknesses com-
parable to or larger than the Te values we obtain. We caution
the reader that Europa in particular probably exhibits
extreme spatial (and possibly temporal) variations in Te, and
thus the globally averaged quantity we derive is difficult to
compare with local measurements.
[51] The elastic thickness estimates above assumed a

small crust‐mantle density contrast Dr = 80 kg m−3. The
effect of increasing Dr is to increase Fl (see equation (7))
and thus the topographic amplitude for a particular elastic

thickness. Thus, assuming a larger density contrast would
result in smaller estimated Te values. However, this effect is
less pronounced for smaller bodies, because membrane
stresses are more important.

4.3. Cratering

[52] For many of these bodies (except Europa and perhaps
Enceladus), most relief is due to impact cratering. An
alternative end‐member hypothesis is therefore that the
topographic variance at a particular wavelength depends on
how many craters of a similar length scale are present. This
approach is complicated by the fact that a single crater
generates topography at multiple wavelengths, depending
on the details of the crater shape. Nonetheless, one would
expect the dominant wavelength to be comparable to the
crater diameter [cf. Melosh, 1989, section 8.4].
[53] To explore this alternative, Figure 5b plots the

topographic variance at 35 km wavelength and compares it
with a measure of the crater density at 35 km diameter. This
measure is the “R plot” [Arvidson et al., 1979], which plots
crater size‐frequency data compared with the expected −2
slope size‐frequency distribution. The values of R at 35 km
crater diameter R35km were obtained from Dones et al.
[2009, Figures 19.5 and 19.6], except for Europa
[Bierhaus et al., 2009, Figure 3]. Although there is a posi-
tive correlation, there is also a lot of scatter. For instance,
Mimas and Dione have almost identical crater densities but
very different roughnesses at this wavelength. Similarly,
Tethys is much rougher at this wavelength than Dione,
despite being less heavily cratered. This might be due to the
fact that Dione has undergone more relaxation [Schenk,
2010]; whatever the explanation, it suggests that cratering
alone cannot be responsible for the difference.
[54] Topographic variations between satellites are evi-

dently not simply related to differences in crater populations.
However, the analysis presented here is limited because it
only considers one particular length scale, while both topo-
graphic roughness and crater density vary significantly with
wavelength. Making further progress on this topic will
require the generation of synthetic cratered landscapes which
can then be analyzed in the same way as the real data. This
represents a potentially interesting avenue for future study.

4.4. Discussion

[55] In general, elastic thickness variations seem a more
plausible explanation for the observed variance spectra than
cratering alone. However, the simple loading model em-
ployed fails to account for the behavior of both Mimas and
Enceladus.
[56] Our flexural model implicitly assumes that only sur-

face loading occurs. For impact‐dominated landscapes, this is
probably a good approximation, since the density contrast at
the surface is so much larger than likely internal density
contrasts. However, at Enceladus convection or other internal
processes may well be responsible for the unexpectedly large
topographic variance at long wavelengths [cf. Roberts and
Nimmo, 2008, Figure 2]. Certainly, Enceladus exhibits
large‐amplitude, long‐wavelength features not related to
impacts [Schenk and McKinnon, 2009], so it is perhaps not
surprising that our simple loading model fails in this case.
[57] The case of Mimas is more perplexing. The topog-

raphy of Mimas is dominated by craters, and on the basis of

NIMMO ET AL.: SATURNIAN SATELLITE TOPOGRAPHY E11001E11001

10 of 12



its nonhydrostatic degree 2 shape, one would expect Te to be
very large. In this case, it seems most likely that variations
in crater density with diameter, and not flexural effects, are
causing the observed variance spectrum.
[58] In reality, the situation is almost certainly more

complicated than the two end‐member scenarios discussed
in sections 4.2 and 4.3. In particular, the analysis of section
4.3 neglects the fact that different impact craters may have
quite different relaxation states [e.g., Giese et al., 2008a].
The present‐day topography of an impact crater likely
depends on both elastic (instantaneous) and viscous (time‐
dependent) effects [see, e.g., Parmentier and Head, 1981;
Dombard and McKinnon, 2006]. Similarly, if there are
significant spatial variations in Te, or if subsurface loading is
an important factor, then analysis of the resulting global
variance spectrum will be more complicated. An obvious
future task would be to investigate the extent to which
variably relaxed impact crater populations, provinces with
varying Te values, or subsurface loading could explain the
observations shown in Figure 4.

5. Conclusions and Future Work

[59] The degree 2 shapes of Mimas, Enceladus, and
Tethys are not compatible with hydrostatic equilibrium. All
the satellites are nonhydrostatic at some level, because of the
presence of short‐wavelength topography. If this topogra-
phy is uncompensated, its effects are likely to be detectable
during close flybys (Figure 3). This raises the possibility that
the compensation state (and thus the elastic thickness) of
these bodies may ultimately be directly determined. On the
other hand, the presence of uncompensated higher‐order
topography may complicate analysis of the degree 2 gravity
and internal structures of the Saturnian satellites.
[60] Sufficiently dense limb profile coverage can be used to

derive global, long‐wavelength topography maps (Figure 2).
In many cases, these maps reveal features, such as impact
basins, known to exist via imaging or stereo topography data.
One potential future application of these maps is to combine
them with stereo topography, thus achieving both long‐
wavelength fidelity and high spatial resolution.
[61] Bounds on Te based on 1‐Dvariance spectra (Figure 4)

are in some cases similar to local Te estimates based on a
variety of different techniques (section 4.2). Accordingly, it
seems plausible that elastic support plays an important role
in determining the topographic variance spectra of the icy
satellites. For Enceladus, other long‐wavelength processes,
such as convection or shell thickness variations, are proba-
bly at work. Impact craters, while evidently a major source
of topography, do not alone appear to be sufficient to
explain the observations (Figure 5b).
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