
Astronomy 112: The Physics of Stars

Class 4 Notes: Energy and Chemical Balance in Stars

In the last class we introduced the idea of hydrostatic balance in stars, and showed that
we could use this concept to derive crude limits on their internal properties even without
constructing a detailed model. In this class we will apply the same sort of analysis to the
energy and chemical balance in stars – in effect examining the principles governing the energy
and chemical content of stars rather than their mechanical equilibrium. We will see that this
leads to similar non-obvious conclusions. It also sets us up to begin making detailed models
in the next few weeks.

I. The Energy Equation

A. Static Stars

We ended last class by writing down the first law of thermodynamics for a given
shell within a star. This enables us to make some interesting statements about
the total energy content of a star. First consider the simplest case of a star in
equilibrium, so that each shell’s volume and specific internal energy are constant
in time. In this case the left-hand side of the first law of thermodynamics is
exactly zero because nothing is changing with time, and we have

q =
∂F

∂m
.

If we integrate this equation over all the mass in a star, we have∫ M

0

q dm =

∫ M

0

∂F

∂m
dm∫ M

0

q dm = F (M)− F (0)

Consider the physical meaning of this equation. The left-hand side is the total
rate of nuclear energy generation in the star, summing over all the star’s mass.
We call this quantity the nuclear luminosity Lnuc – a luminosity because it has
units of energy per time; i.e., it is the total rate at which nuclear reactions in the
star release energy.

When we integrate the right-hand side, we wind up with the difference between
the flux passing through the last mass shell, F (M), and the flux entering the star
at m = 0, F (0). The latter is obviously zero, unless there is a magical energy
source at the center of the star. The former, F (M) is just the energy per unit
time leaving the stellar surface. Thus, F (M) must be the star’s total luminous
output, which we see as light, and denote L.



Thus the equation we have derived simply states

Lnuc = L,

i.e. for a state in equilibrium, the total energy leaving the stellar surface must be
equal to the total rate at which nuclear reactions within the star release energy.
This isn’t exactly a shocking conclusion, but the machinery we used to derive
it will be prove extremely useful when we consider stars that are not exactly in
equilibrium.

B. Time-Variable Stars

The calculation we just performed can be generalized to the case of a star that is
not exactly in equilibrium, so that the time derivatives are not zero. If we retain
these terms and integrate over mass again, we have∫ M

0

du

dt
dm +

∫ M

0

P
d

dt

(
1

ρ

)
dm =

∫ M

0

q dm− F (M) + F (0) = Lnuc − L.

For the first term on the left-hand side, since m does not depend on t, we can
interchange the integral and the time derivative. Thus, we have∫ M

0

du

dt
dm =

d

dt

∫ M

0

u dm =
d

dt
U,

where U is the total internal energy of the star.

For the second term, it is convenient to rewrite the time derivative of 1/ρ in a
slightly different form:

d

dt

(
1

ρ

)
=

d

dt

(
dV

dm

)
=

d

dm

(
dV

dt

)
,

where we have used the fact that m does not depend on t to interchange the order
of the derivatives. Here V is the volume of the material inside mass shell m. If
this shell is at radius r, then V = (4/3)πr3, and

dV

dt
= 4πr2dr

dt
.

In other words, the rate at which the volume occupied by a given mass of gas
changes is equal to the surface area of its outer boundary (4πr2) multiplied by
the rate at which it expands or contracts (dr/dt).

Putting this into the integral, we have∫ M

0

P
d

dt

(
1

ρ

)
dm =

∫ M

0

P
d

dm

(
4πr2dr

dt

)
dm.



We can evaluate this integral by parts. Doing so gives∫ M

0

P
d

dt

(
1

ρ

)
dm =

[
4πr2P

dr

dt

]M

0

−
∫ M

0

4πr2dr

dt

dP

dm
dm.

For the first term, note that at m = 0, dr/dt = 0. This is because the innermost
shell must stay at the center, unless a vacuum appears around the origin. Sim-
ilarly, P = 0 at m = M , because the pressure drops to zero at the edge of the
star. (Strictly speaking it is not exactly zero, but it is negligibly small.) Thus,
the term in square brackets must be zero.

For the second term, we can evaluate using the equation of motion that we derived
in the last class. To remind you, we derived the equation

r̈ = −Gm

r2
− 1

ρ

dP

dr
.

If we re-arrange this we get

dP

dr
= −GMρ

r2
− ρr̈.

Converting to Lagrangian coordinates, we have

dP

dm
=

1

4πr2ρ

dP

dr
= − Gm

4πr4
− r̈

4πr2

If we substitute this into our integral, we have∫ M

0

P
d

dt

(
1

ρ

)
dm =

∫ M

0

Gm

r2
ṙ dm +

∫ M

0

ṙr̈ dm

The meanings of the terms are a bit clearer if we rewrite them a bit. In particular,
we can write

Gm

r2
ṙ = − d

dt

(
Gm

r

)
and

ṙr̈ =
1

2

d

dt
(ṙ2),

so that we have∫ M

0

P
d

dt

(
1

ρ

)
dm = − d

dt

∫ M

0

Gm

r
dm +

1

2

d

dt

∫ M

0

ṙ2 dm = Ω̇ + Ṫ .

As earlier, we have used the fact that mass does not depend on time to interchange
the integral with the time derivative.

The first term, which I have written Ω̇, is clearly just minus the time derivative
of the gravitational potential energy; −Gm/r is the gravitational potential ex-
perienced by the shell at mass m, so the integral of −Gm dm/r is just the total



gravitational potential energy over the entire star. Similarly, the term I have la-
belled Ṫ is just the time derivative of the total kinetic energy of the cloud; ṙ2/2
is the kinetic energy per unit mass of a shell, so the integral of (1/2)ṙ2 dm is just
the total kinetic energy of the star.

Putting it all together, we arrive at the total energy equation for the star:

U̇ + Ω̇ + Ṫ = Lnuc − L.

This just represents the total energy equation for the star, and it is fairly intu-
itively obvious. It just says that the time rate of change of internal energy plus
gravitational potential energy plus kinetic energy is equal to the rate at which
nuclear reactions add energy minus the rate at which energy is radiated away
from the stellar surface.

We can get something slightly more interesting if we consider a star that is ex-
panding or contracting extremely slowly, so that its very close to hydrostatic
balance. In this case we can make two simplifications: (1) we can drop the term
Ṫ , because the star’s kinetic energy is tiny compared to its internal energy or
gravitational potential energy; (2) we can use the virial theorem for hydrostatic
objects, which says that U = −Ω/2. In this case the energy equation reads

1

2
Ω̇ = Lnuc − L.

This equation is decidedly non-obvious. It tells us how quickly the gravitational
potential energy of the star changes in response to energy generation by nuclear
reactions and energy loss by radiation.

C. The Kelvin-Helmholtz Timescale

It is useful to consider an order-of-magnitude version of the energy equation,
because it tells us something important about the nature of stars. Consider how
long will it take the gravitational potential energy (and thus the stellar radius) to
change by a significant amount in a star without any nuclear energy generation
(i.e. where Lnuc = 0).

The gravitational potential energy is

Ω = −α
GM2

R
,

where α is a number of order unity that depends on the density distribution within
the star, and R is the star’s radius. If we define t as the time required to alter the
gravitational potential energy significantly, then at the order-of-magnitude level
the equation we have written reads

−1

t

(
GM2

R

)
∼ −L

t ∼ GM2

RL
.



We define the quantity tKH = GM2/(RL) as the Kelvin-Helmholtz timescale,
named after the 19th century physicists Kelvin (of the Kelvin temperature scale)
and Helmholtz, who first pointed out its importance. The meaning of tKH is that
it is the time for which a star could be powered by gravity alone without its radius
changing very much. Similarly, if we have a star that is not in energy balance
for some reason, so that Lnuc � L, then tKH tells us about the time that will be
required for the star to reach energy equilibrium.

If we plug in numerical values for the Sun, we find tKH = GM2
�/(R�L�) = 30

Myr. This number is the answer to the “Star Trek” problem of what would
happen if you somehow shut off all nuclear reactions inside a star. The answer is:
absolutely nothing for about 30 Myr. You could turn off all the nuclear reactions
in the Sun, and unless you were observing neutrinos (which get out immediately),
you wouldn’t notice anything change for tens of millions of years.

In fact, before the discovery of nuclear energy, it was believed that gravity was
the main process causing the Sun to shine. This played an important role in the
history of science, because, if gravity really did power the Sun, it would imply that
the Sun’s properties could only have been constant for ∼ 30 Myr. This would be
a natural limit for the age of the Earth, or at least for the time for which life as
we know it could have existed on Earth. This was an important argument against
the Darwinian theory of evolution, which required billions of years to explain the
development of life. Of course, as we’ll discuss in a few minutes, in this case the
biologists were right and the astronomers were wrong. In reality Lnuc is very close
to L, so the real timescale for the Sun’s evolution is vastly longer than 30 Myr.

II. Nuclear Energy and the Nuclear Timescale

There is one more important timescale for star’s, which comes from considering how
long Lnuc ≈ L can be maintained. This depends a bit on nuclear chemistry, which
will be our topic in a few weeks. For now, we’ll simply take on faith that the main
nuclear reaction that occurs in the Sun is burning hydrogen into helium. You can figure
out how much energy this yields by comparing the masses of hydrogen and helium.
The starting point of the reaction is 4 hydrogen nuclei and the final point is 1 helium
nucleus. The mass of 1 hydrogen nucleus is 1.6726×10−24 g, while the mass of a helium
nucleus is 6.64648× 10−24. The difference in mass is

∆m = 4mH −mHe = 4.39× 10−26 g.

If we phrase this as the change in mass per hydrogen atom we started with, this is

ε =
∆m

4mH

= 0.0066.

In other words, this reaction converts 0.66% of the mass of each proton into energy.
Einstein’s relativity then tell us that the excess energy released per hydrogen atom by
this reaction is

∆E = εmHc2 = 9.9× 10−6 erg = 6.2 MeV.



We can use this to estimate how long the nuclear reaction that burns hydrogen into
helium can keep a star going. The star radiates energy at a rate L, and thus the rate
at which hydrogen atoms must be burned is L/∆E = L/(εmHc2). To estimate how
long this can keep going, we simply divide the total number of hydrogen atoms in the
star, roughly M/mH, but the rate at which they are burned. This defines the nuclear
timescale

tnuc =
M/mH

L/(εmHc2)
=

εMc2

L

(In making this estimate we have implicitly neglected the fact that not all of the Sun’s
mass is hydrogen, but that’s a fairly small correction.)

Evaluating this for the Sun gives 100 Gyr, a staggeringly long time – almost a factor
of 10 larger than the age of the universe. In fact, we’ll see later in the course that the
true time for which nuclear reactions can old up the Sun is about a factor of 10 smaller,
because the Sun can’t actually use all of its hydrogen as fuel. Nonetheless, this result
demonstrates that nuclear energy is able to hold up the Sun for much, much longer
than the Kelvin-Helmholtz timescale.

III. The Hierarchy of Timescales and Evolutionary Models

A. General Idea

The three timescales we’ve computed this week tell us a great deal about the
ingredients we need to make a model of stars. Putting them in order, we have
tnuc � tKH � tdyn, and this is true not just for the Sun, but for all stars. This has
the important implication that, on timescales comparable to tnuc, we can assume
that stars are in nearly perfect mechanical and thermal equilibrium.

This enables a great simplification in making models of stars. Our approach to
making stellar models for the rest of the course will therefore proceed through a
series of steps:

1. Assume that the star is in perfect mechanical equilibrium (since tdyn � tKH �
tnuc), and compute the resulting luminosity.

2. Assume that the star is in perfect energy equilibrium (since tKH � tnuc), and
compute the reaction rate required to provide this luminosity.

3. Evolve the chemical makeup of the star using the derived reaction rates.

For a star that is powered by hydrogen burning into helium, steps 2 and 3 are
extraordinarily simple. If we want to keep track of a star’s evolution, we just need
to keep track of the mass of hydrogen and the mass of helium within it. Let M be
the total stellar mass, and let MH and MHe be the mass of hydrogen and helium. If
we neglect the mass of other elements (a reasonable first approximation) and any
change in mass due to radiation (which is tiny) and due to stellar winds (which
is small), then we can write M = MH + MHe = constant. Steps 2 and 3 therefore



are entirely embodied by the equation

ṀHe = −ṀH =
L

εc2
.

This is a bit of an oversimplification, since in reality we need to do this on a shell-
by-shell basis, and to worry about chemical mixing between the shells. Nonethe-
less, it conveys the basic idea.

Of course the hard part of this is in step 1: compute the luminosity of a star
that is in mechanical equilibrium. This luminosity, it turns out, will depend on
nothing but the star’s mass – which is what observations have already told us,
if we recall the mass luminosity relation. Deriving that mass-luminosity relation
from first principles is going to consume the next four weeks of the course. Once
we’ve done that, however, what this timescale analysis tells us is that we will
essentially have a full theory for stellar evolution.

B. The Chemical Evolution Equations

To make this more precise, we need to write down the equations governing changed
in the composition of the star. To do this, we need to introduce some notation.
A star is made of many different elements – the vast majority are hydrogen and
helium, but there are others, and it turns out that they can play important roles,
particularly in evolved stars. If we examine some volume of gas in a star, we can
discuss its density ρ, but we could also count only the hydrogen atoms, only the
helium atoms, etc., and compute the density for that species only. For convenience
we number these species, so that we might write the density of hydrogen as ρ1, the
density of helium as ρ2., etc. Depending on the level of sophistication of our model,
we might also distinguish different isotopes of the same atom, so that we would
count ordinary hydrogen and deuterium (which has an extra neutron) separately.
It is often convenient to work with quantities other than mass densities, so we
define some alternatives. The mass fraction of species i is written

Xi =
ρi

ρ
.

We often also want to count the number of atoms, instead of measuring their
mass. To do this, we have to take into account the differences in their atomic
weights. For example, helium atoms have four times the mass of hydrogen atoms,
so if there are four hydrogen atoms for every helium atom, then they both have
the same mass fraction. We write the atomic mass number for species i as an
integer Ai, which means that each atom of that species has an atomic mass of
approximately Aimp, where mp = 1.67× 10−24 is the proton mass. Hydrogen has
A = 1, so mH = mp, and we frequently write masses in terms of mH rather than
mp. Given this definition, it is clear that the number density of atoms is related
to their mass density by

ni =
ρi

AimH

,



and substituting this into the mass fraction Xi immediately gives

Xi = ni
Ai

ρ
mH.

We can describe any species in terms of its atomic mass Ai and also its atomic
number, Zi. The atomic number gives the number of protons, and thus the charge
of the nucleus. For example for the stable isotopes of the most common elements
we have

Element Name Z A
1H Hydrogen 1 1
2H Deuterium 1 2
3He Helium-3 2 3
4He Helium 2 4
12C Carbon 6 12
13C Carbon-13 6 13

Some nuclear reactions also involve electrons and positrons. This have Z = ±1
andA = 0 (to good approximation – we can generally neglect the mass of electrons
compared to protons and neutrons).

The mass fractions Xi can be altered by nuclear reactions, which leave the total
mass density fixed (to very good approximation), but convert atoms of one species
into atoms of another. We can write one species as I(Zi,Ai), another as J(Zj,Aj),
and so forth. In this notation, any chemical reaction is

I(Zi,Ai) + J(Zj,Aj) � K(Zk,Ak) + L(Zl,Al),

where this can obviously be extended to more elements as needed if the reaction
involves more species. Chemical reactions always have to conserve mass and
charge, so we have two conservation laws:

Zi + Zj = Zk + Zl

Ai +Aj = Ak +Al.

If we want to know how the star’s composition changes in time, we need to know
the rate at which reactions between two species occur. Computing these reactions
rates is a problem we’ll defer for now, but we can begin to think about them by
noting that the reaction rate will always be proportional to the rate at which
atoms of the two reactant species run into one another. To see what this implies,
consider a given volume of space within which a chemical reaction is taking place,
for example

2H +1 H→3 He,

one of the steps in the energy-generating reaction chain in the Sun. What would
happen to the rate at which this reaction occurred in that volume if I were to



remove half the deuterium (2H)? The remaining deuterium atoms would still en-
counter hydrogen atoms just as often, since their number would be unchanged, so
the reaction rate would just be reduced by a factor of 2. Similarly, the same ar-
gument shows that if I were, for example, double the number of hydrogen atoms,
the reaction rate would increase by a factor of 2. Clearly the reaction rate must
be proportional to the number of members of each reactant species in the volume.
Expressing this mathematically, the reaction rate per unit volume must be pro-
portional to ninj, where ni and nj are the number density of the species i and j
involved in the reaction. If there are more species involved, then we just multiply
by nk, nl, etc. We call the constant of proportionality the reaction rate, and write
it Rijk, meaning the rate at which reactions between particles of species i and j
occur, leading to species k.

If the reaction involves two members of the same species, the same argument
applies, except that we have to be careful not to double-count. Thus rather than
having the reaction rate be proportional to ninj, it is proportional to ni(ni−1)/2 ≈
n2

i /2, where the factor of 1/2 is to handle the double-counting problem. You can
convince yourself that this is right. Suppose there are 4 people in a room: Alice,
Bob, Cathy, and David (A, B, C, and D). How many distinct couples can we
make? Counting them is pretty easy, since we just pick one person, then pick
another different person. If we pick Alice, there are 3 possible partners: Bob,
Cathy, and David. Similarly, if we pick Bob, there are three possible partners:
Alice, Cathy, and David. We can write this out as

AB AC AD
BA BC BD
CA CB CD
DA DB DC

The table has 3×4 = 12 entries. It’s pretty clear, however, that half of the entries
in this table are duplicates: we have both BA and AB. Thus to count the number
of distinct couples, we have ni = 4 and ni(ni − 1)/2 = 6. The argument is the
same for chemical reactions: if we were to make a list of possible collisions, there
would be ni(ni − 1)/2, which for large values of ni is approximately n2

i /2. Thus
the reaction rate is n2

i Riik/2.

With this notation out of the way, we are now prepared to write down the equa-
tions of chemical evolution. Suppose that we have a number density ni of species
i, and that these atoms are destroyed by a reaction with species j, which leads
to species k. Clearly the rate of change in the number density of species i is just
given by minus the rate at which reactions occur:

d

dt
ni = −ninjRijk.

In this case we don’t divide by 2 when the reaction is species i with itself because
each reaction destroys two atoms of species i, and the factors of 2 cancel. In



general there are multiple possible reactions with many possible partners, and we
have to sum over all the reactions that destroy members of species i. Thus

d

dt
ni = −

∑
j,k

ninjRijk.

We must also take into account that reactions can create members of species i.
Suppose we have a reaction between species l and species k that creates members
of species i. In this case the rate at which members of species i are created is

d

dt
ni = nlnkRlki

if l and k are distinct, or
d

dt
ni =

1

2
nlnkRlki

if l and k are the same. We can unify the notation for these two cases by writing

d

dt
ni =

nlnk

1 + δlk

Rlki,

where δlk is simply defined to be 1 if l and k are the same, and 0 otherwise. This
is nothing more than a notational convenience. Again, we need to sum over all
possible reactions that can create species i:

d

dt
ni =

∑
l,k

nlnk

1 + δlk

Rlki,

Finally, combining the rates of creation and destruction, we have

d

dt
ni =

∑
l,k

nlnk

1 + δlk

Rlki −
∑
j,k

ninjRijk.

If we prefer, we can also write this in terms of the composition fraction by sub-
stituting:

d

dt
Xi = ρ

Ai

mH

(∑
l,k

Xl

Al

Xk

Ak

Rlki

1 + δlk

− Xi

Ai

∑
j,k

Xj

Aj

Rijk

)

C. The Evolution Equations

We are now in a position to write down the basic equations governing a star’s
evolution. We envision a spherical star of fixed mass, whose chemical composition
at some initial time is known. To figure out how its structure changes in time,
our first step is to assume mechanical equilibrium, i.e. hydrostatic balance. We’re
already written down the equation for this:

dP

dm
= − Gm

4πr4
.



This equation gives us a relationship between the position of each shell of mass,
r, and the gradient in the pressure of the gas P . The solution tells us how the
shells of gas must arrange themselves to maintain mechanical equilibrium.

The second step is to require thermal equilibrium, which means that we balance
the energy being generated in the star against the energy it is radiating. We’ve
already written down the integrated version of this as L = Lnuc, but if we’re going
to model the shells individually, we want to use the non-integrated version we
wrote down earlier:

dF

dm
= q,

where F is the flux passing through a mass shell, and q is the heat generated
within it by nuclear burning.

The final step is to figure out how it is changing chemically, which is described
by the equations we have just written out:

d

dt
Xi = ρ

Ai

mH

(∑
l,k

Xl

Al

Xk

Ak

Rlki

1 + δlk

− Xi

Ai

∑
j,k

Xj

Aj

Rijk

)

for each species i.

Of course these equations are all coupled. The rates of nuclear reactions in the
final step determine the rate of heat generation q in the second one, or vice versa.
Similarly, the densities, which come from r(m), also affect the chemical evolution
rates. Thus we have a set of coupled non-linear differential equations to solve.
Moreover, our set of equations is not yet complete. Most obviously, we haven’t yet
written down the reaction rates Rijk or the way that nuclear energy generation
rate q depends on them. Also, we have not specified yet how the pressure depends
on density, temperature, or anything else. To solve for the evolution of a star, we
will need to fill in these gaps.


